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Abstract

The problem of laser cooling of a single ion or atom in a harmonic trap was
considered. A simple theory of sideband cooling has been developed. In the limit
that the particle’s secular motion can be treated semiclassically, the theory zallcws
the calculation of a logarithmic cooling rate either numerically or. for two speciai
cases, analytically. The theory could be used to optimize the parameters of a

cooling experiment.

The spectroscopy of a single atom in the ladder configuration has been
treated theoretically. A dressed atom approach was used to provide qualitative
information about the system. The optical Bloch equations for the four level sys-
tem in the rotating wave approximation were developed and solved for steady
state. The Bloch equations were also solved in the adiabatic approximation and

upward and downward transition rates were extracted from this treatment.
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I. Introduction

A. Motivation

Breakthroughs in the trapping and ccoling of ions have made it possible to
perform spectroscopic experiments on a single ion trapped indefinitely in a volume
with pym dimensions (31). Recent developments in the trapping and cooling of
clouds of neutral atoms (26) indicate that confining a single neutral atom is feasi-
ble. Trapped. cooled atoms will possibly provide the ultimate laser frequency
standard. Alone in the trap, the spectral lines of the atom will not be collisionally
broadened and if restricted to a region smaller than X4, the Doppler effect will be
suppressed (12). It is also possible, using the "atom amplifier” technique first pro-
posed by Dehmelt (13), to use extremely weak transitions, accessing states with

extremely long lifetimes and consequently narrow natural linewidths.

The theory of laser cooling in a harmonic trap has been developed by several
researchers using different methods (10), (11), (18), (19), (20), (21). (29). (36). (3%),
(39). (40). Most of these theories are cumbersome and involved. A simple theory
that displays the physical mechanisms of laser cooling and is numerically correct

in regions of interest is desirable.

It is possible to ohserve effects in the spectroscopy of a single atom that are
masked when the spectroscopic sample contains manyv atoms. One of the mes:
interesting examples of this which has been observed is the phenomernon of "elee-

"

tron shelving” (3), (26). (33). In an electron shelving experiment (also known as

an atom amplifier experiment). a single trapped atom is used to detect a sinzle
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quantum jump. A simple example of such an experiment uses the "\

configuation. shown in Figure 1. Two lasers are focused on the atom. one exciting
a strong transition (Einstein coefficient 4 ~10%7!), and one exciting a weak transi-
tion (Einstein coefficient A ~1s7!). The transitions share a common lower level.
Ordinarily the strong transition scatters about 10® photons per second. which can
be observed with a photodetector. If, however, the atom makes the transition to
the upper state of the weak transition (state 2), then the atom would stop scatter-
ing photons on the strong transition until the atom decayed back into the lower
state (state 0). Thus single quantum jumps on a very weak transition can be
observed. Other configurations of the atoms energy level structure have been con-
sidered theoreticallv. Some examples are the "A" configuration which is an

inverted "\ (22), (32) and various three-level cascades (32).

One configuration which has not previously been considered, but which pro-
vides some interesting details is a four-level cascade in which two strong transi-
tions are coupled by a weak transition. This ladder configuration is illustrated in
Figure 2. One of the debates about the experiments involving three-level electron
shelving schemes such as the "V" configuration has to do with quantum measure-
ment theory. Currently accepted interpretations of quantum theory held that
quantum systems do not exist in any particular quantum state until a measure-
ment projects them into some state, The question is whether a period of dark-
ness, the absence of a fluorescence signal, constitutes a measurement which pro-

jects the atom intc the metastable state, state 2 of Figure 1. For the ladder

157)

configuration there are no periods of darkness. instead the fluorescence alternate
between wavelensth . when the weak transition is not excited. and wavelength
w3 when the weak transition is excited. A change in the wavelength of the fluores-

cence. which is a positive siznal, as opposed to the absence of a sienal for threoe-
> fl
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level schemes, indicates a quantum jump. Thus an exgeriment using the ladisr
configuration could resclve whether what is being cbserved is indeed a sinzie

quantum event.

B. Problem Statement and Approach

The purpose of this research is twofold. First, in Chapter IIl. a simple theory
of sideband cocling, in the limit that the amplitude of the ion's moticn is less
than the wavelength of the ccoling light (the Lamb-Dicke limit), is developed.
This is accomplished by first defining the operators which describe a two levei
atom in a harmonic trap and writing the Heisenberg equaticns of motion for these
operators. The underlyving assumption that makes it possible to simplify the
theory is then made. This assumption is that the atom is "well localized". i.e.. the
uncertainty in the expectation value of the operator corresponding to the
particle’s position vector, 7, is small compared to the wavelength of the cocling
laser, so that 7 can be replaced by its expectation value, <7>. when taking
expectation values of operators that are functions of ¥. The equations of motion
for the expectation values of all the pertinent operators then follow directly from
the Heisenberg equations of motion for the operators. It is then possible to derive
three simple, first order Bloch equations for the two-level atom in a hzrmonic
trap. For one dimensional cooling, a dimensionless displacement described by a
second order differential equation is defined. The problem is thus reduced to a sot
of four coupled. nonlinear differential equations. one of which is second orider.

For two special cases these equations are solved analyvtically. The first cnse s
the weak fleld case, in which the cooling radiation is tuken to be suffictently low in

intensity that the probability that the atom is in the ground is very nearly unityv.

This eliminates one of the four coupled difforentinl equations and redueces the
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complexity cf the remaining three. An analvtical schition can then be dsrivad,

The second case soived analytically maxes use of an adiabatic aprroximarizn,

Such an approximation is useful when trying to solve a coupled set of iiFerentia]
equations that can be divided into two groups. The first
tions that have "large" self relaxation terms. The equations in the second gzroup
represent variables that change more slowly than the var'ables described by the

equations in group one. If one is interested only in processes having time constants

wn
-
o
I
4
et
h
%)
]

much smaller than the coefiicients of the large seif relaxation term
excellent approximation to assume that the first group of variables adiabaticallv

follow the mcre slowly varying second group. One can then use the steady s

-t
[
ot
(2]

-alues of the frst group of variables in the equations for the mcre slewly warvin
second group. This once again reduces the number and complexity of =qu:
For both special cases considered. it is shown that the amplitude of the dimen-
sionless displacement decays exponentially and an analvtical expressicn Izr the

decay constant is presented. Decay of this amplitude corresponds to decreasing

the atoms translational energy, which is what is meant by cooling.

The four original equations are solved numerically using 2 fourth order

Runge-Kutta method, and the wvalidity of each of the two analvtical models is

tested by comparing it to the numerical results. Exponential decay is observod for
all the numerical cases considered, and a decay constant is calculated. Geed
agreement between the numerical and analvtical results is scen in reginns where

the approximations used in deriving the analvtical results are valid., Plors of the

N

decay constant as a functicn of the various parameters of the four econpled cona-

¢

tions can be easily generated, and some representative examples of such niots are

presented.
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[n the second part of the research, contained in Chapter [\, the ducrescencs

signal of 2 single atom for the ladder configuration is analvzed theoreticailr

L _

pected that the fluorescence will alternate between two wavelengths. <, and -,.
A splitting of the weak transition similar to the Autler-Townes doublet seen in
the "V configuration (23) is expected. A dressed atom apprbach is used to cbtain
a qualitative information about this splitting.
X

The statistics of duorescence are determined from deriving optical Bloch

equations for the four-level system. The equations of motion for the density-

-

matrix of a coherently excited, multi-level system. in the electric dipole approxi-

()'
mation are taken from the literature (27). The on diagonal elements of the den-
sity matrix. p,,. are just the probabilities to be in the state n. Only three cf four
probabilities are independent since the total probability must equal unity. The off
s
diazonal elements of the density matrix, the coherences. oscillate at the transition
frequencies between the two states that they correspond to, in this case optical
. frequencies. Since cscillations at such high frequencies have little effect on the
2 : .
probabilities, slewly varving coherences are defined so that the rotating wave
approximation can be made. In the rotating wave approximation functions oscil-
lating at optical frequencies are replaced by their time averaged values.
o

s

The resultinzg equations of motion are solved first in steady state. The steady
state solution is compared with the qualitive results obtained fronm the dresse

atom approach. Finallv, the Bloch equations for the four-lavel atom e colved in

LY an adiabatic approximation. The adiabatic approvimation i= appraprins. hors
because the Einstoin A coeflicients appear in self relaxation terms for berh the
probabilitiey anl the slowly varving coherences, We have specificnlly oliwon 1ran-

’.. . . ] . \

~ sitions s *lhiut two of the A coeflicients involved are very moueh larzer than the
third., Tt is shown that eventually all of the vuriablss can bt oliniiparsd

) ¢ v
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adiabatically except one. The remaining variable correspends to an inversicn on

an effective two level system driven by a rate process. The theory of two level
systems driven by rate processes is well understood (9), (23), and the statistics of
Huorescence for the ladder configuration follow directly frem previous work (9.

(23).
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0 II. Background

A. Laser Cooling

=

[\l

. 1. Experiments

U

[ 4

.. a In 1980 Neuhauser. et al reported trapping a single barium ion in a Paul
1, -

n, Y . . . . .

N radio frequency quadrupole trap using laser cooling, and holding it in a volume
)

! with dimensions of 2um (31). The Paul trap consists of three electrodes: two cap

q . . . o
- electrodes, shaped like hyperbolas, with a ring electrode between them. An ocscil-
SN

4

3 o . . . . . - .
N -t lating electric field is applied to the electrodes. The trap is illustrated in Figure 3.
14
B The potential created in the trap space is
;. = -— . -0 o "

. V(R t)=v(R JeosQt =V (X + Y7277 cos ), ¢ (2.1)
IS
[

' where 17 is the electric potential, V, is a constant, and Q,, is the frequency of
. oscillation of the electric field (11). The origin of coordinates is at the center of
¢
4 the ring electrode with the z-axis running between the two cap electrodes. perpen-

N

‘ dicular to the plane of the ring electrode.

4
N A Paul trap, which has an oscillating electric field, was used instead of a trap
¢ : : : : .

RS with a static electric field, such as a Penning trap. because static traps must use
6. )h
Y s . . . -

r both an electric and magnetic field. The magnetic field canses a4 Zeemnan oFoor
N which is undesirable for high resolution spectrescopy (11). It has been shown (10
D)

Dy ., that the time varying potential of the Paul trap is equivalent to a time indepen-
)
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dent effective potential given by

f\" . "62 f 2 -2 2
u k Vi R)=—(X?+Y =27 (:
14

mQ,f

o
.
o

which is a harmonic potential. The angular frequencies of oscillation in the

-~

r

[#o]

N .
" are given by

) - a%
L 2*V,

I/z =Uy =‘.J2U:=—m?2—-

In the trap used by Neuhauser, et al the spacing between the two cap elec-
o trodes was 0.5 mm. and the inner diameter of the ring electrode was 0.75 mm.
o The frequency of oscillation of the electric fleld, Q,;. was 27 x 18MHz and the

° angular frequency of oscillation of the lon in the well, in the X and Y directions.

b

v., was 27 x 2.4MHz. A barium atomic beam was injected into the trap from an
Y oven and ionized by an electron beam. The lon was thermalized by allowing
. helium buffer gas into the trap at a background pressure of <107 Torr (30). A
4 . laser tuned to the Ba* line at 493.4 nm was shone on the trap. and when 2
"5 barium icn was present in the trap it could be observed visually by fluorescence

(31).

The 493.4 nm line for Ba™ is a transition between the ground 6°5,, state and

>
S

i o . . .
an excited 6°P state. For the purposes of cooling the ion. the laser was tuned to
a frequency below the resonant frequency of the transiticn by an amount v. One-
. . . o0 \
~, third of the time, the ion spontaneously decaved to a 5°D; ., metasialle excited

v‘t‘ ‘lj -
°. state instead of burk 1o the ground state. A second laser, tuned the 50, =%

. transition at 649.9 nm kept the lon from sitting in the metastable sreel An

enerzy level dinzram is shown in Figure 4. Both laser beams entered the trog

% %)
Y

. . ’ \ -
: between the ring eleetrnae and one of the cap electrodes, at an ancle of 457 o the
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2. Laser Cooling Theories

The idea of using laser light tuned below resonance to ccol atcms was frss
proposed by Hansch and Schawlow (17) for free atoms. and by Wineland and
Dehmelt (38) for trapped ions. There is a fundamental difference berween thz
laser ccoling of free atoms and trapped atoms. at least in the Lamb-Dicks {imir.
Laser cooling of a free atcm takes place because of the atom’s Doppler shift (17,
For a running wave laser field. when the laser is tuned to the lower haif ci th»
atom’s Doppler spectrum, the atom is shifted into resonance when it moves
toward the laser and out of resonance when it moves away from the laser. If <he
atom radiates spontaneously in three dimensions, then the net effect of abscrbing
rhotons as it moves toward the laser is to slow the atom. while the net effect ¢t
absorbing photons as it moves away frocm the laser is to speed the atom. Because
of the Doppler shift, the atom absorbs more photons when it is moving toward
the laser than awayv from it, so the atom is slowed. Laser ccoling of free atoms

and atoms in radiation traps has been treated extensively in the literature (2). /51,

(6). (7). (8). (16). (25). and will not be discussed further here. except to note that

in reference (8) Cook uses Ehrenfest’s theorem and optical Bloch equations to izl
with atomic motion in resonant radiation. The method used to come up with 2
simple thecry of side-band cceling used in this werk can be thought of as an
extension of Cock's method to bound atoms.

A Doppler shift pieture is a good physical deseription of the coniing of o
trappe ! ot om as lonz ax the velume to which the atom is confined is larce oo

pared to st wavele ot N of the cooling lasers However, whon oo s op e

s enntlied th g v hamee whose dimensions wre smatler than N che Do b <100 0 ;
siuppressed (1200 ¢ laser cooling of trapped lons in this 1hnit, the Lamb-Dick.

i ronpes beovng b D b the Doppler shifrs Lasor eonling oo e 000 2l

i
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Lamb-Dicke limit takes place via side-band cccling. The electrenic levels of the icn
are split by the energy levels in the trap. For a harmonic trap these ievais are
evenly spaced #v apart, where v is the angular frequency cf oscillation of the
atcm in the trap. Figure 3 is an energy level diagram for a two state atom spiit
by the trap levels. The spectrum of the ion then lcoks like Figure 8. with the
central peak at .y and sidebands at .y=mv where m is an integer. When the
laser is tuned to a lower sideband (xy—mv). the ion is excited from the |y.n >
state {ground electronic state. nth harmonic oscillator level) to the |e.n—m>
state (excited electronic state, n—m harmonic oscillator level) from which it
decays to |g.n—m>. Thus. the net effect is to decrease the expectation value of
the harmonic cscillator number operator. <n >, which corresponds to ccoling the

ion’s secular motion.

The theory of cooling bound atoms. and specifically harmonically bound
atoms has been treated by several groups. Stenholm, Javanainen. and Lindberg
(19), (20), (21) have worked in this area both together and separately for many

vears. Reference (21) used a density matrix approach to deal with the finai sta:

]
“ o>+

of laser cooling of harmonically trapped ions. This approach involved coupled
equations for all the harmonic cscillator states which even in the Lamb-Dicks

guaticns. These equations can be sclved numericaliy

»—..‘

limit ean mean hundreds o

=1

for particular cases cf interest. No attempt was made in this appreach to deter-

mine 2 cooling rate. The parameter of interest to these authors was the minimum

temperature achisvable at the limits of cooling, which was plotted as a funetion of

the detuning for one set of parameters (21). The minimum temporitnre wos

achieved for the detuning approximately equal to minus the angular froproney oF

cseillation in the trap. Stenhelm has compiled a review of laser eocling theory (561

that enntains an <xtensive biblicgrapha,
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Figure 5. Energy Levels of Trapped lon.
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Wineland and Itano {134 (291, 139) and. more recently., Wineland, lranc.

X Bergquist. and Hulet {40) have used both energy rate equaticns and guantum-
o .'-.
! ‘ mechanical perturbation theory to calculate minimum enerzies of ccciinz zni
3,
4 dE; dt. where E; is the energy of the secular motion along one of the harmeni:
!
oscillator axes. In references (18) and (39}, the limiting assumption is made thas
u the ccoling transition is not saturated. These authers. like Stenholm. et al. are
chiefly concerned with the minimum temperature achievable by laser cceling, ani
] thev do not calculate or plot rates of cooling as functions of the various parame-
: - ters of the problem. However, where pcssible, the functional form of their =xpres-
! ‘I.'
b .
sion for dE . dt will be compared to the cooling rates derived in Chapter III.
jon ] Iy
; References (39) and (40) deal with the limits of cooling in bcth radio-frequency
o quadrupole traps and Penning traps. The authors conclude that cooling to the
I . , . . . L
) zero point energy should be possible, that is, the expectation value of the har-
1]
( monic oscillator number operator, n=<n >, obevs the relationship. n < <1. Theyv
. show quantitativelv that it should be possibie to detect when the ion has reached
Y
A
~ the ground state because the intensity from the lower sideband should vanish. A
qualitative argument that this would be the case was made by Wells in reference
¢
(37).
) :,.:
B. Single Atom Spectroscopy
. .
- 1. Theory of Electron Shelving
) The idea cf electron shelving was first suggested by Delimelr I 1675 as
scheme for maxing more accurate atemic clocks (13). It was net until 1085
Y e . . - . . o X ,
£~ Ceok =nd Kimble (9) first theoretically treated the statisties of the proposed
experiment.  Ther considered the "™ confizuration shown fn Figure 1. The 1655
)
y _-"
‘e 17
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e,

paper used rate 2quations and lcoxed at the case <f inccherent ~xecizaticn. Thils

paper precicted the fucrescence {rom the strong transition would dash on and cof
prcducing a randcm telegraph signal. The statistics cf the duorescence such as
the distribution of on and off times and the two-time intensity correlation June-
tion were calculated. Schenzle. DeVoe, and Brewer {34) used 2 quantum statisticnl
approach and calculated a second order correlation function of the ducrescencs

th
1
i

intensity to show that a single atom undergeces large flucuaticns Ttetween 1 stats

of full emission in the strong transition to a state of no emission.”

Coherent excitation has been treated by many authers. Kimble, Ccok.

'3
l‘¢

o

Wells (23) showed that for the "V" configuration when the stronz transition is
highly saturated. the excitation of the weak transition can be treated as 2 rate
process, so that much of the theory of reference (9) applies to the ccherent case.
Cohen-Tanrnoudji and Dalibard (4) also treated the "V" configuraticn. Using =
dressed atom approach. theyv also showed that the strong transition Jucrescence
would have bright and dark periods and calculated the statistics of the Suores-
cence. Schenzle and Brewer (33) used photon counting statistics to arrive at the
same conclusions. Javanainen (22) used the quantum regression theorem to caleu-
late the photon-counting statistics for the "A" configuration. Pegg. Louden. and
Knight (32) treated not only the "™V" and "A" configurations but also two three-
level cascades, one with the upper transiticn as the strong transition and one with
the upper transition as the weak transition. They arrived at the erroneons con-
clusion that thers would be no long dark perfods. Arecchi. et ol (1) showe 1 tho

for the purpcses of a frequency standard a pulsed exelitation tech

fli']x'v'Llf‘.T.ﬁ:‘fS ceT oW s,
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2. Exeperiments That Demonstrate Electron Shelving

i groups of researchers. Using the same experimental arrangements as for the 1980
Neuhauser. et al paper (31), Nagourney, Sandberg, and Dehmelt 728} have
observed bright and dark periods in the flucrescence ¢f a Ba™ ion. The energy

y .

5 level diagram for this experiment is shown in Figure 4. The 5°5, is the ground

v ]

state. The ion was cccled via the 6°P to ground state transition by a stabilized.

single frequency dve laser. As was mentioned in section II.A.1 there is a one in

-3

three chance that the ion will spontancusly decay to the metastable 37D, , state.

.-
Y

-

so a second stabilized. single frequency dye laser was used to keep this level clear.

p

The shelf level was the 5°D; , level reached via the 62P3’,.3 level. The branching

ratio for decay to the 5°D; , level from the 6°P; , level was 1 3. The light source

used to excite the ion to the 6°P, , level was a barium hollow cathede lamp. a

w3

incoherent source. Figure 7 is a plot of intensity versus time from reference (23},
Note that when the ion is in the shelf state for this configuration. there is no
resonant radiation driving the ion, so that the only way for the ion to leave the
shelf state is by spontanecus emission. The length of the dark periods is distr

buted exponentiaily: making it possible to directly measure the spontaneous deca:

lifetime of the 5°D; , state. The spontaneous decay lifetime measured for the

-

5°Dj , state was greater than 30 seconds.

Sauter, et al (33) have done a similar experiment with Ba® making nse of 2 A
configuration shown in Figure 8. Fizure 9. from referenes (330, is o plot of Moras-

conee versus time for a sinsle trapped ion.
Borganize, et al (3) have performed o very shinnlar exjperimont using a oo
. res . . "y -1} ) - e - .
cury ion. Their experiment actually uses a V7 configuration. Fizure 10 is

noe bt

. P e ey [ Yo o . S ler e Yoo I PN I T L L TR T S
enerzy dovel Al Dor this sesrenn, Figure 11 0 a plot of intensiny vorsns tin
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II. A Simple Theory of Sideband Cooling

3
R
e
i
' ! A. Theory
3 3
y The operatcrs which describe a harmonically trapped. cooled. twe-leval icn
" can be divided into three groups. First there are the operators which describe the
L4
LY . -
. ':‘_‘ center of mass moticn of the ion, ¥ and ?. In the absence of any driving foree.
i
o the equations of motion for these operators are determined by the erturped
L)
K
4 hamiltonian for the translational motion
q
h
:’\. 5 1 L9, .0, L2 2.0
b o Hr =5 (345,45, )+ +m (Vi1 407 iR, (3.1)
B, -
¥ where v,. v,, and v, are the frequencies of oscillation of the ion in the r, y. 2nd -

{ o

directions respectively. Next there are the operators which describe the internz!

ol

> motion of the ion. For an ion with only two states, |1> and |2>. these o

tors may be taken to be
o=|1><2], (3.22)
sT=12> <1/, (3.2b)

b=l2m <2 =i <1 (3.2¢]

l( ,
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The hamiitonian or the unperturted inrternal moeticn reads

where .o ‘s the freguency of the transition between states |2> and [1>. Finally

rhere is the interacticn bhetween the laser feld and the ion. A classicallw

—

B prescribed feld is assumed. For a classically prescribed fleld, in the electric dipois
N v

approximaticon the interacticn hamiltenian is

H =—gE7t) (3.4)

.

the applied electric field and T is the electric dipole operater

MNP |
o
a
°
Py
-1 1

two-level atom “which may be written as

B=m5T+5), (3.3)

where T=<1|T|2> is the dipole transition moment. For the purpcses of this
paper T is assumed to be real. For a running wave laser feld. E(7.t) can be taken

to be
E’('}‘,t)=?EEccs(?--r*—.;t), (3.8)

—

. . . . . — 1 L .
s the unit polarization vector. If x is defined as T=%, then H is given

-
<
et
D
kx|
D
o,

Ly l
Ui

The total Hamiltonian of the svstem, H. is

H=Hp+H,+H (3.

s
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The Heisenberg equations of moticn for the operators 7. 7. 7. and 7, are

—_——— (\3.03‘1

dt i m
3—f=—m (vife, v} je, viT )~k pE (6" +6)sin(k T—t ), (3.5b)
%——xwoa—z%ﬁscos(k F—t), (3.9¢3
—c-iﬁ=2i£(d+—o‘\cos(??’—xt ). (3.9d}
d¢ I3 ’ '

At this point the approximation is made that the atom is well lcealized. that

Ar=V | <?> <> —<FF> | (3.10)
is small compared to the wavelength, A=2x'k. This means that when takinz
expectation values ¥ can be replaced by <7> in sin(Z-7—t) and cosi® T—t .

The equations of motion for the pertinant expectation values become

dr _ 7 ‘ \

dt— m (-3.11'8./.

(31_[; m (v} e, +vy JC +VIF )=k RE (o +osin(x T—at) (3.11%
2N

\.
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(A

B ‘ where F=<7>, =<7 >, 0=<I>, 03=<J3;>. Spontaneous emissicn has net bean

included in the Hamiltonian. Spontaneous is included by following the treatmens

L4

YA

A

of reference (27). Including spontaneous emission will change equations (3.11¢:

* and (3.11d) to

-

-
PSS

o
(W
o~

——=—{ 3+ *'O)U—ifﬁ_ﬁoacos(‘?-_r'—;t ) (3.122)

LS A

[

d . , — . , *
dots =2 z'Li_—E(a’—-(f)cos(_f’c T—atj=23(75+1) (3.12b)
7

P 2 N
el

S
v

where J is half the Einstein A coefficient.

It is convenient to introduce slowly varving Bloch variables u. ¢, and »

~
>

"LL!..
pl

defined as

%
ALY

H

x _.Au , 'u ~
L u=o"e ¥ +get! (3.13z)

\' . E B
N'.' . U=—l(0‘ e twi

—oe'), (3.13b)
e w =05, (3.13¢)

o~ In the Lamb-Dicke limit (7;7"< <1) we may expand the trigonometric functicns in
]

Pl 4

—

equations (3.11) and (3.12) to first order in the small quantity % 7.

&4
<20
Sy

IJsinwt <{k Tleoswt —sin Lt (3.14a)
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The equations of moticn for the Blech variables and 77 become

du -
—=—Ju+Av (25 Tsinwt —sin2.t)
dt
dv ™= 2
—t=—-_\u —=3v+Q& Tsin2wt +2cos” 't )
duw AT — D . -— . . . ; .
—t—=—-—Q_‘.(\.‘~:~ru sin“wt =vcos2ut )= u =& Frisin2at =220 w —1,
dF D — D D -
4 =" (vire,~v &, +v;E,)
—Er QX Tucos® ot +usin®ut Y u +k Fu)sin2ut

where A=_—., is the detuning and Q=uF 7 is the Rabi frequency.

The terms sin®<t, cos®wt, sin2wt. and cos2wt vary much faster than

and 7 so that only their time averaged values have much effect. In the rotating

. . . Bl . . N
wave approximation sin®~¢t and cos*st are replaced by their time averaged values

VA

dom. that is ¥ is taken in the r direction (k,=k, k,=k =0 and v, =v).

tions of motion are simplified by introducing the dimensionles

v

s=kr. The equations of mction become

d_uzz—ju +Av +QU'S H
d¢

- - - - - - » - Tl oa e T

_— R ~ : G
S i RIS ey

] " '\ o o) f ¥ N

AT PR VN,

5+

. Sin2xt and cos2.t average to 0. We consider ccoling of the r degree «

1e
.

" \ “w
O,

Th

o
s
o

<

(3.15b;

(o)
[
(2]
o

., oU,ouw,

e equa-

displacement

(3.162)
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where f,0¢) has a steady

d—"f-:—f"( su—1v1=20r~1
at

dal anlh ol i sl

(V)
—
(@)
03

P

(Y]
—

13,1650

of four coupled. nenlinear differential =juacicns
describe the ccoling precess within the approximaticns ziven atova,
The steady state solution of equations (3.16). uy. vg. wy, and s, for small s
(Lamb-Dicke limir) is
Q(A+3s) .
u0= —_— !L).].I S
FHALL0°
0 3—2s0) Loy =1
Vo=~ {3.17%
FP+ AT+ 0" '

Other solutions to equations (3.16) can be written in the forn

J(t)=fo+fu(t).

value of zero

- ‘
)‘“‘",( oo

When solutions of thiz form are =u
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tuted into egquation (3.16) we get

duy,
T =—Ju, ~Ay, ~Qsguw, =Qugs, =y 5, (3.162:
dl‘t
— ==y, — I, =Qu,, {3.19b
dt
du, ,
17 — A squy +ugs, =y )—23uw, —Qu, s, {3.19¢)
)
ds, . _ ‘ . I
T +U g =R (Sguy +ugs, +0 =5, U, . (3.19a"

B. Special Cases

i
9]

v
s

At this point certain special cases will be considered which can be

1. Weak Field Case, Q< <3y

For this case the atom remains near the ground state (w=-1) and we can sat

wo=—1. w,=0. The remaining equations are

du

dt‘ =—3u,+Av, =0, , (3.20%,
dv, _l 3 o .)Ov \
TR u, =3y, (3.200
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The terms on the rizht in equation (3.19d) are linear in Q. [N=7Tx"Q 2m ;..

-

Also. sinee uy is linear in Q. Kug is quadratic in Q. The dominant term in equa-

B

tion (3.20¢) is v~s,. A solutien for s, of the form

s, =s,(t)cosvt +sa(t)sinvt (3.21:
is assumed. If cceficients s,(¢) and so(¢) vary much more slowly than cesvt and
and d%. dt* can be neglected with respect to 2uds, d¢ and
duvds, d¢. then equation (3.20¢) becomes

dsa ds
cosvt —
dt

21

%)
to
1y

1 .
sinvt)=—K squ, +u, +ug(s,cosvt +sasinvt ).

=1y, the equation for £ is

Defining {=u

¢ ¢
M H

jf (341 )0, (3.23)

The sclution of this equation is
o=t

§(t)=—0 [ 7T (1)t (3.24)
-0

If s,(t) and s.¢) vary much more slowly than ¢~%, then they may be removed

from the intezral, which can then be evaluated. The result is

Jeosvt{14+0)+ A+)sinvi(1—1)
FH(A+v)”

L Jeosvt(1—=i)—{A—=v)sinvt (1))
A

—
2
to
Ut

ts II

o | Ssinvt(1—i)—( -~L/\co<.z/t(1+z”)
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Noting that Re &'=u, and Im § =v,. sudstituting <hese 2xpressic

into equation (3.22), and equating the ccedicients of sinut

for s, and s, are found <o be

———=X§ S,

where a and + are given by

3—'-(.3—.’/\,3()

F{A—v)*

whAF | I A-visg
C 8my | FPHA-up

s Fso={ A=) Isy— A=V} | %120
" : W2 . . R Yn.

The solution of this two-2quation system has the form
*H(Asinvt =Bcosvt),

*'(Bsinvt —4 cosut ),

(3.26a"

{3.260

AN

(3.27%
(3.282

(9.4}
o

(3.2

where A =—5,{0) and B=s,(0). Thus the equation for s,, equation (3.21). becomes

s;(t)=e"*" A sinl~—v)t +B cos(~—v)t

=

which is valid whenever:

integral of equation (3.24) is valid: 2) v>>a.~ so that neglecting 475, 4!° an

1) 3> >« so that the removal of s

. ) . . . e 3 \
d%s, d¢* in the derivation of equation {3.22) is vaiid: and 3) 2> > Q<o that v lces
not differ significantiy frem -1
3+
s PRy 2 o -.;,_ o "... W Myt \ e '#:.4_\. W P'ﬂ' LN :'..\.;."-f _-.._q :..J:..;,. ne R R e
) o AR NUAK AN (Wa 7o MY "0.0 0 Pt Tal Ths N .-la‘t ;i ) B PR R DR T R N T o M T

) «.?‘r




frir. © Nxn
: XL L,

]
»

RS
P A

b 4 J‘ s
\J‘.’. /\l Y o

Pl P W 3

-
Lol

-
-

O

'_.",: '_..' "}

b4
&

1 @

-

.

(LA™

SN

L J ._;.3.

N AN AN et e .
N IROACAATH o‘..l‘q.o'u. ,-._,l NP N "’(. s 'n R J il ey B S A

-

SPRE ]

i I

N
s

rf v’y
P

2. Adiabatic Approximation, 7 Is The Largest Frequency

A more general case which does not place as strong a conditicn on @ and « s

1 1\

to assume that J is much larger than any of the other frequencies in the proviem.

The Bloch variables as well as s are assumed to have the fcrm
f()=fo+/ (ticosvt +f 5(t sinvt (3.30!
=fo+Re F(t)e*”
where
F(ty=f(t)—if(t). {3.31,

When the second derivative of 5 us well as the nonlinear terms cf eguations 13.10

are negligible. the equations of motion for (", V', W, and & are

A (1)U +AV 05 W 0wy S (3.322
%-——-AL —(iv+3)V =00, (3.32b"
%E=—Psol OV —{1v+2) W —Qu,S, {3.32:"
oyl V) (3.32

. . . ds . . . ,
We consider the case where 3 is much larger than i UV, and Woralayg oo

their steady state values much faster than S, and at any time the values of [0 1,

and W in terms of § can be approximated by setting : . and-——— 1o oers

~
oW
—
—
=
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and solving

BN — 0
(1 v+J) A .Sg U Qu)
A iv=d) =0 = 0 |3
’ (@)
Qsq Q  (iv=23) | VYD [0

When these values for U and V" are used in the equation for 5 we get

_ kPR | D Vi=DaN,
imvy Di+D}

-h_kgﬂ‘: D?‘\-I_Z'Dl-\‘r': . -h—k.lQ
imy Di+D} " 2my

and V,. V., Dy and D, are given by
.\'1=‘232woso—-'lj-lu‘o‘f*jﬂuo“l/:’1’030:
No=Quy—Auwy+331wgsg),
D =53+ A%+ 07,
Do=23( 3+ A% 1%0P 2,7,

As can be seen @ is again a decay constant for the amplitude of s, and ~

fi. These expressions fo

C. Numerical Results

The general equations (3.18) derived in

'

eetion [TLA were integrated
cally for a variety of initial valnes and fropeencies using o fonrth-or bor

Katra method (140 This allewsd eompari-on te the analytiend sohorions

¥ -.' o [ vt Y o

N

(3.34]

(3.352)

(3.35b

(3.36a)

(3.36b)

(3.36¢)

ra and « are valid whenever they are much less
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With r=ut equaticns {3.16) take the form

du 3 Q
— =y +lus {3.37a
7 v v v

) A LA {3.37k
. dr v v v
dw Q. 23 -
——-=——"\DU"")'——(U“1] (3 SAC/,'
dr v v

d K o o
S B sy +u)—s. (3.37e"
dr
o In all of the calculations & was assigned a value of 10'm™" and m was assizned »
value of 107%kg. These values were chosen because this & is tvpical for wisible
light. and 107*°kg is about the mass cf barium.
' . . .
’ Figure 12 is a2 graph of s versus time for v=10% 3=10% A=—10% and Q=35x10%
Figure 13 is a graph of the natural {og of the amplitude. A =i,
versus time for the same values of v, 3, A, and Q. In all cases
& . . . . .
! time plots were linear, indicating expenential decay. A decay constant ziven by

In A (t,) —In A(t,)

e 13.38)
ta—t,
ho) . 1 )
" was caleulated.
v
Equation (3.27a) predicts a value for a when Q is smalll Fizures 14, 15, and

16 compare o caleularad from equation (3.27a) and a cbrained from nameries]
=N . . o " - pa N . v ~ 5
- intezration of equations (3.37). Figure 14 is a plot of a versus A for v= 10°, 3=10",
[N

and 0=:5x10*, We see that the coolinz rate is o moximum for Ae—r0 Alol thae
'
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Figure 12, Plot of s versus normalized time, 7, from numerical integration of
. ‘ ~ ~H ~
equations (3.37) for v=10°%, 3=10°, A=—10", 2=5x10".
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Figure 13. Plot of the natural logarithm of the amplitude of s versus 7 from
numerical integration of equations (3.37) for v=10", 3=10°, &
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X the ccoling rate beccmes negative, which corresponds o heating, when X0, Fiz-
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:f_ ure 15 is 2 plot of a versus J for v=10° A=—1.5x10% and 0=3x10%. Notize thas

>

maximum cccling occurs for =%y, Figure 18 is a plot of a versus O for v=10°,

._.
=

o 5 . . . / - . Ve s
o 3=10°. and A=-10°. The conditions under which equation (3.27a) is wvalid ars

3 that @ be encugh smaller than 3 so that w does not differ appreciably from —1.
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D) i For the values of v. A, and 3 used for this plot. the

N<0.17.

! Equation (3.35a) gives a value for o when 3wv>>a.5. Figures 17, 18, 15

1

X compare o calculated from equation (3.33a) and o obtained from numerica!l

o
a“

e Tl
]

o integration of equations (3.37). Figure 17 is a plot of a versus A for »=10°. 2=10".
N and N=10". The ccoling rate again becomes negative for positive A Fizure 18 is 2

*D

- ey plot of @ versus 3 for v=10°% A=-10% and Q=10°. Again maximum

- ‘I ,"

> for J='y. Figure 19 is a plot of a versus Q for v=10% 3=10". and A=—10%. Fer

( larger Q the two curves again fail to agree. but the value for a caleuluted frem

s

X equation {3.352) does reach a maximum and begin to decrease. This genara!
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3‘-}' I'V. Single Atom Spectroscopy: Ladder-Configuration
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o For the four-level system shown in Figure 2, the foilowing assumptions arcu:
%)
» 8 the Einsteln A cceflicients and the dipole transition moments between the varicus

states will be made:

k4

[l Al s

..‘-..,
KL,

."‘laoz“l 31=.‘1 '.:0=O' (‘113\1

g
]

.

«
(N 2

hd

¥ Ag< <A o4 (4.1h)

Tt
L I
.

.

imply

Il

which

o

b1 J

Pao=H31=H20=0. (4.2a)

l)

.
t .
PR

v

Vea

oy < <Hyo.H32- (+.2b}

e
’
N

P

In addition, g, #o;. 2nd pg. will be taken to be real. The applied electric field is

Pl Al
aae
v fe Y B

. assumed to have the form

25
-‘, -‘ '.

E(t)=F cosuit =Ecoswyt ~Fjcosyt (4.3)

-
¥

Y

with components at frequencies w, ~.. and w3 near to resonance with the threoe

T > .
SEAPATIN
vy
.l

transition frequencies <y, <oy, and oy, respectively.

e}

R »
T .21

A. Dressed Atom Approach

s

i ® by x:f:‘_‘

A simple picture which shows some of the qualitative aspeots of the la bl

configuration is the dressed atom approach. Without spentanecons emis<inn, the

P

SN

Hamiltonizn mateix for this system in the rotating wave approximation is
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diagonal (24) when the basis states arer 1) the atom in the ground state 'l o

v
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, ~3. state |O.nynany>: 2) the atom in the first excited state and n,—1 photens o
frequency .y. ote., state |lay—l.nsng>: 3) state |[2n—l.n,—lon;>:and 4 stats
A\
! l‘ [3.n,—1.na—1.n3—1>. A representative block is
: H,-~=?T:nlw'l-?—ngw’:-#-n;;w‘g:[ {\-{-“

- 0 % (), 0 0
g LR —A B 0

- ' O _')7/21‘ Q_\ _Al—'&.? LIZZ Q&
’ O O "‘/‘(21‘ 0"3 —AI—A’B—A3

where [ is the identity matrix and

d |

»

- N\
A1=C\.‘1—'.~'10, (‘4.03}

X Qp=wh—wyy, (4.5b]

- i s (4.5¢]
k. are the detunings n the various transitions. and
;-

1B , ‘
: 0="171 (4.62)
S 1
-

X 0= B £

: (4.6b)
X - I3

o BaoEs
i %:——

: I3
are the on-resonance Rabi frequencies for the three transitions being considerad

§ This is a nearly degenerate system: the differences in encrzy between the statos
L o being just # times the appropriate A's, The dressed states are the states
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le enercies are

where the \; are soiuticns of

MAFADN=2 =N ,\+_\1+_\.3+_\.3)—-i—ﬂ_?>\( A=A - +0,) (4.3

—%ka(k-%—_\.l)—%Qf(,\\+_\‘1+_\.3)(x4_\1;._\3——_33)—4—11—695(‘.5:0

For (=0 and A}, A;=0 rhe solutions to equation (4.8) are

Ng=-+1%0) (4.0b)

—

Ne=+% (4.9

These \'s correspond to eigenstates for the characteristic block of the Hamilienian

matrix. The transformation matrix between the old states and thes

D
0

aratats
2hsSdoe

oy

=

(4.10

- OO

This transformation diagonalizes the Hamiltonain when 3, A3=0 and Q,=0. Wien
the Hamiltonian is diagonal, the basis states are stationary, that is there are oo
transitions between them. Figure 20 is an energzy level diagran for the now

states. If Q. is turned on, there will be transitions between these stares, In she o0

svstem, the transizion freguency betwesn state [Ln—Tn, - and [20 10, 0w
: X 2 ; :
oy There are four transition freieneies amens the new states, shiso D -

by =% =0 and 200 =0, Thus the dressed state approsen provibos gulax,

qualitative il roveion abont the four srte soeeme T o b T
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detall what the cnharacter of the ducrescence will he, 1t s heipful 2o turn 2o the

B. Optical Bloch Equation Approach

The strategy w= will use to extract numerical information abeut the Sucres-

cence, such as the average dwell time in the upper two states, is similar "o the

poas

approach taken in reference (23). Reference (23) deals with coherent =xcitation -7

the V' condguration. In that paper the authors show that under ceriain z-=nera,

4o =TT L

conditions, excitation of the weak transition can be treated as a rate orocess wher

viewed over ccarse-grained intervals of time. Being able 1o treat the 2usiiation of
the weak transiticn as a rate process greatly simplifies the anaivsis of “he statistios
of the fluorescence. A similar proof will be given for the Ladder zeniguration

1. Development of Optical Bloch Equations

The equations of motion for the components of the densitv-matrix, p,.. of -

[N
‘
™

coherently excited. multi-level system, in the electric dipole approximation are 127

dp., 4P, E(t } | |
dt = 7 =— E -‘1,—U'Pn -+ z '_1"1 Pr’:“—ﬁz_—);"\pnrﬂ”} Uy P ey ) [;11 1~

r<n r>n

for n = m., and

_ K 3 1 4 . R 1
TR lwgm =2 N+ N N o =il ) (1.11k
@ r<n r<m v r

for n # m. where Poois the probabilioy wo e o the ooh o woae, T
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svstemn will chanze abruptly between the twoo This s whar s noanr Do

. ) .
venient 1o waork with the sjowly

varving ccherences, 7,,, defined by the 2quations

tuyd

Po1=CTp¢ . (4.12a)
po.lzoo.:ei(u‘ﬂc"‘ . (4.12b;
p03=003ei(u‘*’2*"3;' , (4.12¢)
pra=0ype’ (4.12d)
p13=013<3”w.2w3}‘- (4.12e.
pag=0oge ¥ (4.128)

We shall alse work with the inversions
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2. Steady State Solutions of the Bloch Equations

We will first consider the steady state solutions to equaticns (4.155. Fzor alzs

\

(V)2

|-
-
p)
o
[
<D
7
[g2]
=
v
()

braic simplicity the detunings on the strong transitions. 3, and

zero. We will define the complex quantities, .V;. N, V3, and V) as

Np=A g2 A, (4162
Vo= g0t 20 A, (4.18b
Na=A A F20 A, (4.16¢]
Ny=A gt gt 2i A, (1164

The system that must be solved fer the steady state solutions of the o,

1

of the u;’s is

Ap 0 0 0 0 o1 00 ]

i N, 0 =i 0 0 Tgo 0
0 iy N, 0 —i(y 0 Oos 10 o
0 —i 0 Ny iy 0 L R (e N7 S
0 0 - I\, —i() C13 0
0 0 0 0 =iy (Agptdy)|lru | REEREY

—
-
D
n
et
5"_)
I
’\5-4
(.

)
i
7
=t
-

ate solntions for the wy's depend only on the imncinary ports of ~




F L

- T Y,

55

o

-

A AQK:

'

%)

%
"
)

4 ‘o &

> s oo g
L5 LY

. l‘l .) ‘) .l ('_"yl.

4
+

A £
.

ey

g |

1 - - - T T _ O TUN T

Tooand Ty Fromoegquacion BT o0 7o and 7y, are fonnd o Te
s O
P { YA = S P SRR
e e R s O A = 10 =0V N

L A T U e o R W o T A Y (4.1%82

-:...( _.1 33*‘-‘ .:1:).\‘1{‘ .\72‘\.3_\ p \ 37 \)’:\':" Uy

("‘31—'{ n\(...l—Qq-—.\'f.\ I—Qn \ . >..1‘ \ 1"“\71” 3

O12= QA A (Vo V= D= NV 0T A g A =V =05

3
]

m
102
+ A (Aot ) V(NN 137 AT PR Noowa (4.18b)
‘-pl ( '&31""'{ 21 (-.1 —Qj*,\'.:_\-_*)‘t‘gf.\'n.LL'I

':"p{f." 10( Q'&-—QIZ_‘\ .\ 1)"“4-1 \4 '.L' ]

5NV N 00N, N (4.1%¢)

.

SELSCA IR PATRYES SR PR SO R Wy o

PR L AN S PP LA R f,"l Y YT RS VRS Ny V‘.’ ,-‘,.-'r..".’-- -."yh\ S, N, "
) "‘ 'f‘ f‘ \'I’ e ,4. VIR 4 R Te Al WY, l."::' A c.'.." "N WA

5 i » X L i) ANA AN PN




R D B U S o A o L AR TR o F X W BN L o o LS UG 4.19

o 2

SO ot g =+ V3V )+ 1o 5o VNNV 0PN, 00N
In matrix form equations (4.18) are

01 T Ty S|y ,
ag | [wa 14.20

T = |21 oo

23 I3

1

’

the equations for the steady state values of the u,'s as

20 : Vo AT
(=%A 10=20)y 1+ Doy ) HA =20y o+ miay ;i

1 )
- - 4 20, e '
IH‘ 10—24 o+ 50)+ =20y 0= 2Y31. Wy
+]7/2("‘.{ 10'_2.'1 -31'%'. ) Ql-/l’—) Ll n— .7132:&'2 ‘\4.21 b;‘

-1 . . .
+ _‘( A2 34 50) 0y 20 AR e m.zll.za,“lzz‘v?_fl‘1—'~"‘-*1';—-'3.:-“

where the z;'s are defined by equations (4.18). Taking y, =Imiz, & cne mav write

. W

- .




hE a1
3

P

1%

[l IS M

Ty
\ R A S

ru”

- a L

L)

L)

0,

E)

4 :'.
! ."
4
S

y

[)

.

1
LIRS
!
1y - .
l'u.l'lﬁ.

\4
LA

A

.

'
a e

»
b

o

ma

orin

of the a,
L 1
BRI
Wa=
1
U= =

e a;;'s

matrix. The sc

ot

4 ol

apy 412 ay3(|uy A=Ay
@y agy ap||wal="2 |dy—"2(A 0745
agy a3y 4z ||w3 Ago—ied sy

are defined by equations (4.21). We dedne A4

lutions for the w;'s are

[{10 ((1\1(103—(1_3’131)— 2(a1aam—a1»a33)
+A o (a13a50—a sa5s)—lamazz—amag)—

+A30(a0003—a 3a0)—"%(a 3a3—1120,3)

1o la3ag—asag;)—"%(a ) a3—a305))

I

.
a0 233)— 20

+A o (a11033—0a 3a5)—%(aza

3431

+A 30 (0130 a1 —a11aa3)—"2(a)a53—a 13“31,\1:

A laaag—anas)—"2 e —a a0

»

(a)aam—aa)

Aoy —a1yday)

FAonpag—apag)-tlanap—anag)=taan—a 0
=Agalapan—apay )=ty
ooostute e of P+ 5 ghven b
P =%%{1-+n 14,27: Sy
Dt
A- 3 \* .' ‘r\.-..r:-,‘* ¢ '.0. l v .".\.. i" l'. (] ".h» . \ \ .‘.I

WU WY ST EsmwTEOWENT

(4.22)

e s \“v""
R




l * -

P

2 -,

el

S

o Let us new consider the steady value of P_oas a fanstion of A Using the seccnd

[t --’:\

R Paseal nrogram listed in the Aprendix. P_ was ecaleulated as a funeticn o0 A, Tor
RN -

{ n various values of 0. M, and Oy Figure 21 is a plot of P_ versus A, for 4,,=10%,

LS,

A"~ _ . - N - . ,

O Aa=1, A 3=1.25x10° ,=10". O%H=10", and ,=2x10". Note the peaks in th=2 3p=2-
. :
S
) crum of P.oat A==%(Q,—0;) and d==%0)~4) which agree with the dressed
_._? l,._ states results
"

-

Gy
b 3. Adiabatic Solution of the Bloch Equations

4

1
SO A more useful approximation than the steady state sclution is the adiabat!:
‘w‘.!.‘

;T . . . . v

b approximation. To determine the statistics of fuorescence. we are interested in

‘.

!‘;f 1 1. «
. how P_ and P_ vary. not so much in how the coherences and inversions on :he

koo individual transitions vary. Note that in the equations for the time derivatives of
s Wi Wiz, Opie Oozs Tpas T3, 20d 0oy there are large self relaxation terms. The proba-

{ bilities P_ and P. varv much more slowly than these other quantities. At this

(o

b point it is difficult to tell how oy, varies. It is reasonable to suppcse that these

\—»','

.-

I: quantities relax to their steady state values much faster than P_ and P_ change.

Of
-«
-
(3]
o
)
3

Sy
[§]
o]
o
(=]

7

@]

]

Oy

Vo

O

=

—~

jon

(¢%

4]

—~

(¢

it

[
(]

wn

1

%)

—

(8]
N
]
ot
—
@)
]
%
@]
Q
=]
—
Q
—
5
)
3
(o
Q
oo
—t
(@]

3
—
jo]
[

]

v
P
2

L T
oy
g
]
l
=
o
_—
;
Q
[+
[}
I
s
O
A}
j}
[N
:
I
U
R
!
.U
I
~3
oo
[47)
D
Ne]
£
{2
—~t
O
o
laar)
@)
=3
\:}
<
K
{3
]
.
[gs

»
>

N
L
L

P

AR

' e
‘.'n‘-l.
A
.

r

ogy=——— Qpe QI U=V =r o 2r U ser g V (1.25)

ol - -
Ll E e
g Rl
u-.‘.‘-‘.f-’.

.

.
e

()

L AR

(" . ot
(I

PR RS
A B

b}

v

e

b9 N

a!

...,-.- \'f‘\',,-' ,qu.(.f.._,’.('}z\.".r.rf

’.Q N ,o X N)



P+ versus A,

0.153866

| 1 A *

0.123487
1

1

0.083008

1

0.062530

1

0.032051

0.001572

T T
-20.0 -12.0 -4.0 4.0 12.0

‘ Fionre 97,

A 2507 O =107, Q107 O, 2107, ] -

)
Plot of the steady state viluye of 17, versus A, for

»

RPN (A

-"_‘1'

1.




b ek Sal sl hal Sal Lol gl S Bl Rl

"

0 . .
o The other 7,,'s satif:
5
~7 \ 0 - 0 o
A V2 ! 03

_Z' Ql l Q3 .\-4 _lv Qn: 017

M

i s 0 _\’3 1. Q3 0 Ul-:
;

$ 0 0 —1 Q: ("1 3-3",-.'{ :1,) Tan
<

—
- . X Q100:+Q1U,':p
=1

.. 0
N Qyws,

>
. The adiabatic soluticns for (., 0.3, and oy, are

)‘.J
Mt |
.-—Q
| }v)
I
—
N
w
t5
]
R
'
D
Land 3%
‘|
32,
{

E . . AL S,

o B (A gt A g (Vo V0D 0N (W =i =) (4.27a"

. -,
*- [N . .
Yo =roywtraawyragl +ragb Fraghh
_':
o
v
;7 1ig . . . a2\ o2\
( Tag=—— [((N2N N =N+ O Ny
- 1
D
&, -

=rawi+rawatrali+ry Vb

~,

9

\.‘ :’-‘ )

.': 4'.' lo”.} S . .y A .

:'.. o UO:}: (‘132“ 4 21 )( pl-_Qj_’.\ 3.\ 41)—Q-_1-.\3 UO:'_."A' N
bu'r Dl :

'(_ - -+ l'i?QlQ-_jl/.’l 33"“1 -_\1)( H’—'U'l“‘u'j) 2T

[ g

=rog gy Usr g Ve o

whers Dy, b determinant of the matrix in equation (.20 1~

N Clos

Y ';{ D lzﬂf.\.:A\-a‘ﬁ‘(,‘t 32 _:*.'l :I)(\'z\’Z‘\‘-l—L‘()lz\l—Lf 2

A )

.
X

-
"

oy
[ep)
=

)




de 4

MMM
=

"2
;

3

N et ~

-

P, % % S

LI 4 s - .
..,.s'%\.,__‘. .‘)x.‘\.'.‘Vw‘u"’f"‘affi\-’""ff" "'IM'

Taking s, =Relr;) and ¢, =lmir . the equaticns fcr vy and w; are

o

+(%t:3 ._..3 )C ”‘{ t‘-l -20 ta_;)‘
In matrix form this is

by bra||wi| _ [@wpren it ol +apl

boy ban||ws| = |Gog=o Wtassl ~ang V' 14.30
The steady state solutions for w, and w; are
wlz_;’ (b200r1g—b 120rag) b apy  —b nany ) W (4.31a:
T (b2001a—b902) U+ b 3—b 2005} V
=cptenWHepl+epl
w3=713— (b1 Gag—bayCyo)=(by @ —bayay) W (1310

+(boaa—boa ) UH by ag—ba03) 1
:CQ!)+C:1 “‘—%633['—%6131'

W are now inonopesition to examine the time derivatives of U, Vieand W, The

61

A g AT
Vo Ve o0 . .o { l"l’.o ';"’.C- a6 -'.,‘. »"'?'2- ot




T T N D T D O D O I e R SR R R e e e e o e =

nx

equaticns for tnese quantities are

(o9

U . .
=—lod., U=V =0 imir i =Oulmery, =00 -

D
PR el e i oy T
- 4 - - 4 - ()

d

o

-

dv - . .
*d—t'-:—_\u_\c —24 :1‘ '—QlRi"\Cu}—Q:RL’l To =L Retcay i4.32%

b
3l M >3

! —=—124 n\ 1“‘” . 4 IR IR! —mel T l\-}.?).:’jl

Y,
o
[3ad
c
13
0%

. . VL . , . . Ao S
e stealy stale sciutiens of Wy anad ws iato the 2QuaALIons IIr Tne T o3

P N B N ST fes . : E = o~ L. ot ) Ny
and putting the expressions for the appropriate parts of the 0,.'s into the equa-
! a ; :
" ons fe :
2 tions for U0 Voand H7owe get

=n, =%, U =5,V =5 W (4.3321

2y V By U= W (4.33b

LA FONS TR ) AN (4.33c)

- where the corstants are given by
-
a 00 pay P
m=—M(ts1¢ 0=t aaC o)~ —— 1o~ h{t 10 10~ 2Cap) (4.54a1
A
L Ma=hlso10 19T 5 20200 =l 94101075 20 30) (4345}
7]3-—* { (. w)—'v’}_‘.:l“ t-_vll_‘lo"‘[-_m:(‘-_wo) {‘ln]’lk‘,’
7
X
“~
n';
oo
-

el P R i U AR AT B U R Y B R AL T A N P
YRRy """J" s""‘“ i ~."' "«."‘ns'- "-\A'."n"-."-. R R N e S NV VNS
et \ ) '*' .ﬁ\r s o NN N NN S N U O RGN RS I CeRNASICN




e
S

Pa

TN T

,-
Cd
Syt N

-

YA | |

a—

s

DAL
,l.l.l v

e

.“
a1
LT

B

P 4

-

- R

it

B 23

{ '.l R

>

l'g

v

=A== e s m = 20 e =
10
=20t =ty 0=t c ) 4.342
a
; \ ‘2 . .
‘/“1—.‘1:1'—291(014"\:1C13—5:3C:3)* [4-34‘?
A
+200(s 445417135 420 0n)
A,’s——'l n 1—2C:1)*2Q\( ‘-_:5_* a C ““'NNC vy ) (‘}.3‘“‘
_ 0,0
8= =0 (tay+tagc 3=t ancas) 13yt 0t gaCas) (4.342¢
A
(50—.30 Ql()\3‘“o nlclﬁ 5\\Cﬁ1) 03(‘)43 341C11 542C::\l (\‘13‘&

6'3=A215:2 4.-\(t33"‘t31C13“‘t13C \\)

0,0,

o , . 2 ‘ ‘ . P

51=“Qx(f:a*f21C11*t2:C21)4'_§—C Ol tgs=tyge~tacy) (4.34])
Ao

§a=N(sas+sa ey tonmca)—hisg+sy o+ 0] (4.34x )

We will now leok at the self relaxations terms for .

V,and Wospecidoniiy

we will lcok at 5, 73 and ~a,~3. We are interested in finding when these param-

ua

params
ters are large, because then we can once again make an adizbatic approimation
and use the steady state values of U and V' in the equation for 3 d¢

Using the third Paseal program listed in the Appenidic, oy oand s wn
caleularad as Tonetions of A0 op eoneeant Q0 Qo and Q0 wdse s Drnerions 200
O s forthe crboor froponebe Bl b e g Pzure 22 s plor of oy S AT
L=l Gl b = 25 0T T (L 10T =107, Floare 2300 o
of maversns A T b S rel Ler Trepeeneles o D oo 20 B
Wisi gt o s ‘ LN R U TR DRV I TER PRI LT !

£33

.’-{'.«(.'ff SN N “_\,ﬂ.'.
Lt At AR LA AR A

R N

Yy WY TN




)
D

)
L)

“3

o
vCa

[ St

LS

)¢
"

-

o P P A 4“'
-\.'.:,,*."x (RS '-.. hLYS

was found that when =ither of the stronz transitions !

her cf the ng $ ig saturated, thatis whorn
e Y - - - 1. - . N lamrae - e L T
C>>Agcr 3> > 450 then >, ~yand =, 53 are mucn .arcer “nan 1. This me

‘e . e . . ' v

A ~ s .~ g e ST 2 ymane - B e R
th&[ rae raiancn :1:);.‘“':‘1 O Y.h’f :Lxx,n; ransitiens IUEAUY 1Q0reAses T ST )
polavriam mats Af thhe crante reamaieia
reaxion 22D TOe weax Transilicn.

- . yoo . . . . [
When these cenditicns are satisfied, we can use the steady siate valisz o

cn for W 'dt. The equation for d W d¢ is

=01

Note that 1=P_+P_and W=P_—P_. Alsothat dW d¢=2dP_ d¢.s0 that

dP. dP , o | |
—= g = PP PP =R _P <R _P_ (1.36"

whers R and R_ are given by

R_='s1—3) (1.37a:

Floure 26 = o plot of R versus A

| R - 0 - . >
“~ ~“'-.‘ N N T G LA
: YOOl TR NN TP oL PO



mmmmmmnr-vrvvrw—--.—-—- LA

E
s

ey

[ (N

~y versus A,

7
%10
15.1275

12.1203

9.1130

T (3-1)

6.1058

3.0886

D.0914

T
-20.0 -12.0 -4.0 4.0 12.0 20.0

L\2 (S—l) NlOs ‘

Figure 22, Plot of =y versus Ay for A= 10% A=l A y=120xd’, =107,
(=107, (7 2107, and Aj=3,=0.




Yo versus A,

,!

7
x10
15.1275

12.12D3

S

9.2130
Bt

(s7")

1

o
6.1058

£
[0}
a
~
-«
>
S
e 1 T T T 1
-20.0 -12.0 -4.9 4.0 12.0 20.0
-1 ~1D"
Ay (s7)
N2
-
r
‘I
r
k I
[ unre 23,0 Plot of o verene . q R
F «‘ ( ? 3 -} ot of 5, versus A, for S TR LA IS DR (N U 1T SITI
. S=107 (=25107, and Ap=A,-0.
N
»
»
»
4
P
P
¢ 66

USSRV



N
D
i‘ 2
<
L)
.
L
; . 3 versus A,
) ~
- oo
i
[} -~ /
g B
I s
- o
1) m_'
¢ —
)
’
\ - !
+ N
e @
" — 2
L) - .
l —
)] 0
p—
\ o~
g
" a |
i ©
{ 2
: S
A =
. ;"_ o
[=2]
[Te)
o
: S
- T v T T
N, -20.0 -12.0 -4.0 4.0 12.0 20.0
o -1 w10
- Ay (s7)
[
w
{
M <
.
.
)
l.
S
\ . . o D - I
v Fioare 2400 Plot of 5y versus O, Tor U =107 4, =10 b, —1 258107,
v =107 2,25 107, ad - 0,
’ N
\
¢t
‘4

" W W W 0 i X “',\5'(.\
RO SN o

o’y o o,
LNy

.

-~
A0S

5.7 %y
2 ‘.n.i..n.

L

() .
-1

i

1,




.2 Y1/ 1zversus Do
o 3
— N
X _ ﬁ
4 .
z |
o
- 8
S 3
M(O
=
~~
ol
) g
p -. W~
<
n
jo)
[
)~
~
- o
&
a
o
T T T T
-20.0 -12.0 -4.0 4.0 12.0 20.0,
—1 »
An (3 ) 10

Fionre 250 Pl of o versus Ay for A= 10%0 =1, Gy 123107, 9 107,
(O, 100 Q20007 and A=A -0,

«
. -




-12.0

BOVILLT0

T
SRZ6RO°0

T T
291490°0 6£0SY0°0

(—5) ty

T
816c20°0

£6£000°0

-20.3

‘ 10

versns A, for

s

)

Plov of [

Fionre 26,

50

(L=107 Q,=23107, and A =2, -0,



e

. R _ versus A\,

o
} &
o~
2 b
c ! 1
n | |
N
Q
=
[=)
m«
N
o
]
) ™ =
el Q
- —~ 2
381
.
o
p——
| wv
©
s S~ <A
>, N
- o
[Te]
‘(.g
Al
: !
G ; k
" ool \J
[v0]
)
o
a
v
e H T T =1
-20.0 -12.0 -4.0 4.0 {2.0 20.0{)
1 ot
Ay (57 i
r:.:
b
y
p
] .

. lanre 270 Pt o0l v - " ;
,... , } | / N as Av_» i(WI A “)"”! R -~]' R R AT l“t- Oy -
~ (L5107, 00 20007 a0l A -1 & SRAL AL L

;‘ i T e Py O
p
]
3
70




[

\k\\\

o

cence

s of Fluores

Statistic

C.

v

2

oroes

the

ac
Lo

4

2
(>

1

1

Q
[
[
o
3

Q

™o
LA3~

A3

(00\
\-'),"'

-
) ana

ﬂi NJ.. ¢$

.fJJ_.

SRRRA,, s




>
L4
&
Ca
W

it -
s N
ety

s

.
'

e s
.

e

.

p D A B R Ja i 4

]

.~ a

O Y A A

L I
3 S A R

" «
Sy,

)

.

abr Zrr’l a5

Y ]
asr

.!‘J P

> e o
‘.-..IJ)JJ.FI

a‘,-‘ £

sically. the theory allows the calculation of a legarithmic ccoling rare eoither
numerically cr. for two special cases, analvtically.

. Th'~ h - " 1 ~een ]l shiay ¢ ~ | te otk s R I L ST S S
is thecry of laser cooling differs from previous theories in that this theor
<

predicts ccoling rates, as opposzd to minimum temrperatures of Three
advantazas of this development are: 1) It provides a simple physical plaure o i
. ccoling process. 2) No assumptions needed to be made in the derivath Toeann-
' tions {3.16), the equations at the core of theory. about the relative muzninyies of
the radiative deedy cons t 3. the c= llatio Proareney In Che Tt thp ot
the radintiye 4y constant J, the oscillation frequency in the trap v, the Zetun-
. inz A, or the Rabi frequency . That is the theory as whele is not a2 weak g2l
Q2 theory or a strong trap (v > 2) theory, ote. 3 Caleulating cocling rares
foroa =t of parameters, even 1noa reglon whers neither of the anvlvrical sofindons
appiies oo eelarively simple numerieal procedare,
“a
. T 1 .
T As has beent entioned, other thearies coneenreare on doterminin: minloon
cernperet s D occlinn nor eooling rates, Dave oo Winelan Dopsn ol
nee Gredere s eneroyo rute ecrintions, amens ctter pechodsg s s et
>
Ay . . . [ aR TN 5 . 5
: minimien temperntures, They vinwee the wenk ficll approxhnaton o000 !
sodnterestins ot eeanpre the Dogerional S 0 ledr REAARTE cretlow
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A, Discussion of Results

Conclusion

In summary, the problem of laser cocling =f 2 single icn or atem in 2 hor-

o] >
monic trap was censidered. A simple theory of sideband ccciing has Teen
develcped. In the limit that the particle’s secular motion can be treated samisine
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where o( .7} 1s the Doppler-shifted natural line shape. I is the intensityv cf

u‘ l‘/ -

4y Ay

ah)
Eard

ccoling laser which is proportional to the square of the Rabi frequency. Q.

N2
N The first term in equation (5.1) describes cooling, while the second term.
:..): .: 3 . . 1 o . (R} .
~,R11+f,.) ccrresponds to recoil heating. The energy of a harmonic oscillatar is

proporticna: to the average over one cyvele of the v ity squared, so that the

+ U
R
\,
NP . ] - . B L . e »
A cocling term is linear in the energy, and corresponds to exponential eociing =s
o I P
"5_.' l"‘.
e predicted by the present theory. The resonant denominator is the same for beth
[ ]
e the wezk field expression for o and the ceoling term in equation (5.1). Also, the
.'.‘: . . . - \ o N v
- soling term in equation (5.1) scales as O as does a for small Q. The dependence
-‘:. To
P N -
ol - of @ on 3 and v differs from the cocling term presented by Itano and Winelan d, _.
0.
e In chocsing a from equation (3.27a) or the expression prosenced b Winelan b and
::-l; Itano. we exprer the oxpression for a o be the approprinte valne Do oan enerz:
o
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radiative decay constant, J. An apprepriate transitien {or ccoling wonld be
between the ground state and some excited state. with no pessitle decny 7otk
tack to the zround state except straight dewn, so that petential onalin: sias is

can be hard to come by in practice. The frequency of the cecling transitian mise
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also te accessible to a2 tunable laser. An additional consideratio
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transition is that the rate of cooling transitions per second is limited by 2. so tha-

it would seem that large J would be better. However, when 3 becomes larze
enouch that the sidebands ] ol separared ‘r tha cenrral renl
enough that the sidebands are no longer well separated from the central peak

cooling is slowed by transitions between the sidebands. The maximum ccolin.
rate occurs for I=x'%u. Once an appropriate transition has been chosen, v shoul?
be adjusted as much as possible so that 3x%w. This is not alwayvs possible: in the
experiment performed by Neuhauser, et al (31), 3 was 2=x19MHz and o was
22 4\ Hz, For w¢11 separated sidebands, the value of A for the maximum corl-
ing rate is just —u. If the sidebands are not well separated. the value of A
corresponding to the maximum cooling rate is shifted toward zero. TFaor given
values of 3 and v. plots of @ versus A are easily generated, even in rezicns where
neither analviical solution applies, and the best value of A ecan be taken from o

graphi. The same is tr

The spectroscopyr of o single atom in the ladder confourmtion has bLoen

treated theoreticallv. A dressed atom approach was nsed to provide qualitazive

i

information abont the sesteom, [0 was shown rhar the wenk trnnsirion I <30 inro
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' ing on the weak transition. A, peaked sharply at A==%0-0,1 and

- A)=:1”,2(VQ1*“Q)\|.
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t_\ The Bleoch equations were sclved in the adiabatic approximaticn. It was
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shown that the statistics of the weak transition can be described as 2 rate process
8

k=5 -, . .« . . - 1 1

SRR whenever either of the strong transitions is saturated. Upward and downard tran-
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pr- sition rates were extracted from this treatment. The upward transiticn rate was
o

{ shown to be sharply peaked at the four resonant frequencies listed above.
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o B. Recommendations for Further Study
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b Fluctuations have not been introduced into the simple thecry of cocling, I
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Wa's this could be done. it would greatly add to the theorv's utility by making it possi-

s ble to calenlate a minimum temperature of cooling.
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Appendix: Programs Used for Numerical Calculations

I. Numerical Integration of Equations 3.37

Program PNEW?2;
(SU+)
{31 GRAPH.P}

LABEL 1.2:

CONST
N:integer=100:
hbar=1.053E-3-1:
mass=1E-25:
k=1E-+-07:
nu=1E+06;
beta=10;
delta=-1:

{ omega=1: }
dt=0.05:

TYPE
BUFF=ARRAY0..406] OF BYTE:
number=array’1..250] of real;
gob==array(1..250] of integer:
rungekutta=arrayu’..'v'] of real:
title=string{15};

VAR
BUFFER:BUFF:
SAMPLE:BYTE:
[LJ.LOLA:INTEGER:
DATA:text:
AU AV AW AN.C N Enumber:
UV W XY KAPPA smegameal:
KI,K2 K3 Kbirungekatta;

PROCEDURE RUNGE mvaw k. kapparenl: VAR
BEGIN

F, i
o

- WMy A 4P » .~ -amr e r v
) ‘ 4 ) WX, RO
..:“?"o'-'o',h AN :‘."""'; AN .':‘Jl‘e‘«f.,'o u*f.:‘l.f‘! RO

ey At

riorngekatia

’ LA
) ‘3".""1' .,‘-"e.‘ c'!‘!‘:‘\';

\"
é i



,
TKOU = ltMeoerat et atv—omela iy Y
N —_ e % : % N - €
TNV r==dUt-lella - tetat v —omesy
1 1

—_ it ~ * £, ) x ~ K
TKOW i=dtt-omeInt wtu—v=2¥nenat -1

PROCEDURE MININI N numinumber: Lintezer: VAR minmreal
BEGIN

_! mini=num 1:
- FOR [:=2 -2 L DO

BEGIN

IF num I < min THEN min:=numlI:

EXND:
E EXND:

PROCEDURE MANINNUN I num:number: Liintecer: VAR maxireal
BEGIN
max:=num 1:
FOR I:=2tc L DO
BEGIN
[F num[} > max THEN maxi=numl:
EXND:
END:

e

PROCEDURE SCALE{min.max:real: num:numbor: Liintoser VAR mociz
VAR sireal;
BEGIN
s:=(max-min)/150:
FOR I:=11t0 L DO
- BEGIN
markIl:=round((nnm/T-min}/s):
END:
EXND:

- PROCEDURE PRINT(numinumber: Lflagintezor: Torteler VAR ol
™ VAR min.max:ireal: markigob:

BEGIN

GRAPHNODI:

DR.—\\\'(IO.IOO.?GO.190.3):

DRAW(10.160.10.10,3};
DRAW(260.190.260.10.3);
DRAW(10.10.250,10.3";

L Ry




.

Shn

P4 ’lf@

Sy

e

: O Al AP W2 M0

FOR ;=1 TO 9 DO
BEGIN
Ji=160-1*1%:
DRAWI10.J.13.J.3 %
EXND:

FOR :=1 TO 9 DO
BEGIN
J:=10+125;
DRAW(J,160.J,157.3";
END:

MINDOOM(num.L.mint:

MANINOM (num.L.max):

I fiag=8 THEN par:=0;

[F flag=2 THEN pari={numLi-num 1i}*nu/(dc*3*{N“1E~
[F flag=1 THE\ pari==- L\k(pm\ min}/ 2%
GOTOXNY(1.25'

\\RITE(min:lO.' "max:10," "(max-min}:10};
GOTOXY(1.1):
WRITE{({max+min}/2):10." ".T):
IF flag=2 THEN WRITE(" ".par):
SCALE(min.max.num.L.mark):
PLOT(11,190-mark{1].3):

IF flag>1 THEN CIRCLE(11.190-mark’11.3.3):
J:=ROUND(250/(L-1)):

FOR L=1 TO (L-1) DO
BEGIN
PLOT(11+(1*J).190-mark{I+1%3):
IF flag>1 THEN CIRCLE(11-+/1J).150-mark [+1.3.3):

lJ
Ot

[F flaz<3 THEN DRAW{11+{I-1)*J.180-mark T}.11--1<J.160-marc 1

EXND:

IF flag>1 THEN
BEGIN

FOR I:=1 to 80 DO
BEGIN
GETPIC(BUFFERA(-1).0.47(1-1).200
WRITE(LST 437,’(@ L2771
WRITE(LST 427 4754201, 40
FOR J:=1tn 201 DO

BEGIN
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EXND:

EXND:

WRI a
E.\D.
EXND:

FUNCTION RUTTA »xlrx200k3 ok birealjireals
BEGIN
RUTTA:=i1 % =rkl-=25rk2-2"rk3—rki:
END:

BEGIN

FOR LOLA:=1 :05DO
BEGIN
omega:=LOLA~10:
U.=0:

V=0

=-1:

o
l

0.
0.

[ I ]

-
¥

A

KAPPA:=hbar sqr(k)“cmeza/(nu*2*mass):
writelntist. nu= " nu)
writeln(lst, beta=

writeln/lst, delta=

betaznu);
'.,i lta*nu)

\\mel wlstomeza= ".cmeza* nu):
telnflsi dran= "du);
vritelnflst . NUx100
ritelnilst =£10,=510

FOR Li=1 to 1060 DO
BEGIN
RUNGE(U VAV I\' APPA, T\'l\j'
RI_'.\'C}E(['»O SN T V05 N AW
Y-0.5K1 v K \PP \ 1N
RUNGE(L” ~( '*[\_i 1
Y05 K2 v RKAPP AN )
RUNGE(U+R3 u' [,V R3] v \\'41\"3"\\"1\
Ui=U=+RKUTTAKI 0 I\';: SN CININR NG
V=V KU ff\([\l‘ v

N2 :-I\"‘. v

=0.5K1 "

IR ——0.:3‘1\'-_‘{'\—‘j.\\';

.A\'—:—I\‘:ag'x';,\‘-—l\':;g‘;«.-';
y

,-I\‘ L" o

LNLST =11=11.=11.=10.10.=27"a " :

CN0G RN

0.5 K2 W N= a0
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Ne=N-KUTTA NI ¥ R2
Yi=Y-KUTTA. \"' "I

END: {End

of Ouwue Loopy

FOR I:=1 0 250 DO
BEGIN
RUNGE(U. VW XY KAPPAKL Y

RUNGE(U+0.5*K1 0" V=0.5*K1 v

Y+0.5*K1['v . KAPPA.K2:

RUNGE({U=0.5*1K2/ 1" V' =0.5*K2{ v

Y—%—O.5"KQ?}"].KAPP:\.KB}:
RUNGE(U<K3[w] V=K3!'v
Ui=U+KUTT. \(I\l a2 N3
Vi=VERUTTA(N v J.I\_; v
Wi=WRKUTTARLw'
N=N+KUTTA(KI]
Yi=Y+KUTTA(KI v

AUT:=T

AVTTE=V,

AWT=W

AXT:=X:

END: {End of Outside Leop}

X207y

PRINTIAN.250,1,'S1.C"17 %

FOR [:=1 10 N DO
BEGIN
FOR J:=1t0 100 DO
BEGIN
RUNGE(U. VAV XY, KAPPAKID):
RUNGE{U+0.5*K1 "u'|,V+0.5 K1+
Y+0.55K1; v . KAPPAK2);
RL‘\'GF(L‘—%O 57120’ V0.5
Y+0.5"K2 I\_\PP A3
L\(} (L-LI\’S’ n'.
U=T-+KUTT. \II\I
Vi=VERUTTA KD I\ v
Wi=WRKUTTAS T\L o
Ne=N-RKUTTARNL = ‘.I\ﬂ
V== Y RNUTTANL N2y NSy
EXND: {End of Insid: Loop)
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I ESN ,I) h

5<IN2
'—I\)r v

‘r.I ’)) '.'\'
‘

L
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EXND: {Fnd of Outside

S \\'—'—I\"B"'

VAW

W

T2 TR

B T\_i' WL NS
N 1_ ,.
SR

MW 057K
MWD K2

wNARE Y

[ TR
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Jw TR w LK
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LW 057K w0

B L SATEE
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FOR [:=1 -2 250 DO

BEGIN
RUNGE(U VW XY RAPPAKND:
RUNGE(U~0.5*K1 " V=0.5K1 W05 N T T N =D N T
Y -0.5*K17y LKAPPA KD o
RUNGE(U=0.5RK27 0 V05K v T W =05 K2 w  N=0.5" K2
Y-0.5K2] v KAPPAN3):
RUNGE{U-R3{ 0 V=R T W3 T N3 T V=R U NAPP AL
Ui=U-RUTTARIw K2 0 RS R4 w
Vi VKUTTAKL v LR RS v LR v
Wi W KU TTAKL w K2 K3 R
Ne=N+-RUTTAKL xR T R33N R x0T
Yi=Y-RKUTTARI ¥ K20y K3y Ky

AUT: =5

AVIT:=\

AW =W

AXT:=X:

EXND: {End of Onutside Loop}

PRINT{AN.250.1.'82".C20);

FOR =1 10 N DO
BEGIN
FOR J:=1 10100 DO
BEGIN
RUNGE UV WX Y RKAPPAKIL:
RUNGE{U=0.5"K1 'u ], V05 K1 v [ W+05K1 [ w N=0.5"K1 "¢,
Y-0.5*KN1, v . KAPPA K2}
RUNGE(U+0.5"K2 0] V0.5 "R v L W40.5 K2 w N =0.5" K2 w0,
Y+0.5*K2] v LKAPPAINS):
RUNGE(U+K3] 0 VER3 ' OW SRS w T N=R3 70TV =R 7y AP ALK
Ur==U=RUTTARI K200 K3 T T
ViV RUTTAR L v LR s v s
W W R U T TA(KL w L K2 K3 v N w s
Ne=N+RUTTAMRI LRI LI
Y=Y RUTTARL v R s Ry R
END: {End of Inside Leop )
END: {End of Outsids Lecp)

FOR L=1 to 250 DO
BEGIN

RUNGE(LU VAW N Y. RAPPARL:

RUNGE(U=0.5 K10 V0.5 1 AV 20,5710 70 N

V0.5 1T INATP ALK
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RUNGE(U+0.5*K2{"u'[,V+0.5*K2['v'],\W+0.5*2{'w |, X+0.5*K2"x ",
Y+0.5*K2['y' | KAPPAIK3);

RUNGE(U+K3[ 0], VK3 v, W+K3[w |, XK3[ x| Y £K3v . KAPP A K4
Ui=U+KUTTAKI[ v, K20 .K3[u"|,K4[ u']):
Vi=V+KUTTA(KI [ v'],K2[v' |, K3['v']|.K4['v]);

W= W+KUTTAKL'w'],K2[w' . K3['w'],K4['w']);
X:=X<KUTTA(KI ], K2['< | K3[x | K4['x]);

Y= YLKUTTAKI [y K2 v K3y | K4 v ]);

AUl:=U;
AV(I]:=V;
AW[]:=W;
AX[[i=X:

EXND; {End of Outside Loop}
PRINT(AX,250,1,'S3',C[3]):

FOR I:=1 to N DO

BEGIN

FOR J:=1 to 100 DO
BEGIN
RUNGE(U, VW XY, KAPPA K1);
RUNGE(U+0.5*K1{'u'],V+0.5*K1[v],W+0.5*K1[w'] X+0.5*K1x"\,
Y+0.5*K1{'v' . KAPP A K2);
RUNGE(U+0.5*I2['u'],V+0.5*K2['v'], W+0.5*K2['w '] N+0.5*K2['x "],
Y+0.5*K2['y | KAPPAK3):
RUNGE(U4+K3['u],V+K3['v'],W+K3['w'] X+K3['x"|, Y +K3['v . KAPP A4}
U:=U+KUTTA(K1[u'],K2["a'].K3[u'|. K4['u"]);
Vi=V+KUTTAKI1['v'],K2[v'],K3['v']. KA['v]);
Wi=W+KUTTAKI]w'],K2[w'],K3['w’] K4['w]);
Xe=X+KUTTA(K1[x"],K2['x'], K3['x"] K4['x']);
Yim YKUTTAKI [y, K2[v K3 v ] K4[v");
END; {End of Inside Loop}

END; {End of Outside Loop}

FOR I:=1 to 250 DO
BEGIN

RUNGE(U. VWX Y. KAPPAK]):
RUNGE(U40.5*K1[w}.V+0.5*K1{v 1 W+0.54K1[w’] N+0.5°K17x",
Y+0.5*K1[ 'y KAPP. A I\',_)
RUNGE(U+0.5* K20}, V+0.5*K2[ v’ ] W05 K2 w LXN+0.5 [N27"x
Y+40.5*K2['y ], KAPP. \ 1\3)
RUNGE(U+K3['uw'],V+R3['v ], W+K3[w' | N+R3['x Y+ K3 v LIKAPP AN
Ui U KUTTA(KI [ | K2 w3 w LK ));
Vi VA RKUTTA(KI] v LR ISV LIV )




Wi W RKUTTA(KL ] K2{ ' K3 [ w'] K ']
X:=X+KUTTA(KI[x].K2[ ¥
Yi=Y+KUTTA(KL v K2/
] AU=L:
! i AV{I]:=V;
; .—\.\V[I] =\
AX[I]:=X
END; {End of Outside Loop}

I, \d[ TR
R3[4 v]);

a PRINT(AX,250,1,'S4',C[4]);
" PRINT(C.4,2, Lo’ M[LOLA]);

END;
. § PRINT(M,LOLA,8,’Alpha vs. omega’,C[5]);

TEXTMODE(2);
END.
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O. Calculation of Steady State Values from Section IV.B.2.

Program STEDSTAT:
{SC+}
{31 GRAPH.P}

LABEL 1,2;

CONST
al0=1.25E+06;
a21=1E+04;
a32=1E+06;
omegal=2E+07;
omega2=1000;
omegad=1E-+07;
d1=-2E+07;
d2=2E+07;

TYPE
complex=array [1..2] of real;
buff=array|[0..406] OF BYTE;
number=array(1..250] of real;
gob=array[1..250] of integer;
title=string[20];

VAR
BUFFER:buff;
SAMPLE:byte;
W1, W2 \W3,PMIN,PPLUS,W,P0.P1,P2.P3:number;
T:title;
J,L.fag:integer;
N1,N2,N3,N4,DET,
ZE11,ZE12,ZE13.ZE21,ZE22,ZE23,7ZE31.ZE32,7ZE33:complex:
MDD,DELTA,
YI11,Y12,¥Y13,Y21,Y22,Y23,Y31,Y32,Y33.
AL11.AL12,AL13,AL21,AL22.A1L23,AL31,AL32.AL33.
D:real;

LIT1IT2JIT3ITHITSITGIT7.ITS:complex:
RT1LRT2RT3.RTHRTH.RT6.RTT.RTS:real:

PROCEDURIL rkeyin (x:REAL:VAR z:COMPLENX):
BEGIN
z{1]:=x:

3R B Uy P, PN BTy, % 4% 1% 1% 0 Uy By T W00 T
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z2{2]:=0.0;
END;

PROCEDURE ikeyin (x:REAL;VAR z:COMPLEX);
BEGIN

2(1]:=0.0;

z[2]:=x;

END;

PROCEDURE keyin (z1:COMPLEX; VAR 22:COMPLEX);

BEGIN
22(1]:=z1{1};
22(2]:=21{2};

END;

PROCEDURE negate(y:COMPLEX;VAR 2:COMPLEX);
BEGIN
z[1):=-y[1];
z[2]:=-y[2};
END:

PROCEDURE conjugate(y:COMPLEX;VAR 2:COMPLEX);

BEGIN
z[1]:=y[1];
z[2]:=-¥[2};

END;

FUNCTION modulus{y:COMPLEX)REAL;

BEGIN '
modulus:=SOR(y{1})+SOR(x(2));

END;

PROCEDURE invert(y:CONPLEN;VAR z:COMPLEX):
VAR mag:REAL:

BEGIN

mag:=modulus(y):

2{1]:=y{1]/mag;

z2[2]:=-y[2]/mag;

EXND;
PROCEDURE add(y1.y2:COMPLEX:VAR z:COMPLEX):

BEGIN
Z{1i=y1{l}+y2i1;

g0

'tV

(AN)

WAt Wt
l“,".;'t'A 1“:’{’ 3

3,00, 870,8 0 Fy Wy V0 ] ' (NG
R e

SO DAERSOOROE
POCRONCRT AN KN

AN

)
AN




22

=

RN

4"

2[2):=y1[2)+v2[2;

END;

PROCEDURE subtract(y1,y2: COMPLEX:VAR z:COMPLEX);
BEGIN

PROCEDURE multiply(y1l,y2:COMPLEX;VAR z:COMPLEX);
BEGIN

PROCEDURE divide(y1,y2: COMPLEX;VAR z:COMPLEX);
VAR mag:REAL;w1,w2:COMPLEX;
BEGIN
mag:=modulus(y2);
conjugate(y2,wl);
multiply(vl,wl,w2);
z[1]:=w2[1]/mag;
z[2]:=w2[2]/mag;
END;

PROCEDURE scalarmult(x:real:y:complex; VAR z:COMPLEX):
BEGIN
z[1]:=x*y[1};
2[2):=x*y[2];
END;

PROCEDURE MINIMUM({num:number; VAR min:real);
BEGIN
min:=num(1}:
FOR J:=1 to 250 DO
BEGIN
IF num{J] < min THEN min:=num[J]:
EXND:
EXND:

PROCEDURE MANIMUM(num:number; VAR max:real):
BEGIN
max:==num|l};
FOR J:=1 to 250 DO
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BEGIN
[F num{J] > max THEN max:=num{J};
END:

END:

PROCEDURE SCALE(min.max.dx:real: num:number; VAR mark:gob);
VAR s:real;
BEGIN
si=(max-min)/180:
FOR J:=1 to 250 DO
BEGIN
mark[J]:=round((aum/[J]-min)/s);
END;
END;

PROCEDURE PRINT(num:number; dx:real; T:title; VAR parireal);
VAR min,max:real; mark:gob;
BEGIN
GRAPHMODE;
DRAW(10,190,260,190,3);
DRAW(10,190,10,10,3);
DRAW(260,190.260,10,3);
DRAW(10,10,260,10,3);

FOR J:=1TO 9DO
BEGIN
L:=190-J*18;
DRAW(10.L,13,L.3);
END;

FOR J:=1TO 9DO
BEGIN
L:=10+J*25;
DRAW(L,190,L.187,3);
END;

MINDMUM(num.min):

MANIMUM (num.max):
SCALE(min.max.dx.num.mark):
GOTOXY(1.25);

WRITE(min:10," ’.max:10," ",(max-min):10):
GOTONY(1,1):

WRITE(((max+min)/2):10," " T):
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FOR J:=1TO 249 DO
BEGIN
DRAW(10+J.190-mark{J},11=J.190-mark[J+11.3);
END:

READ(M);
[FF M=1 THEN
BEGIN
FOR J:=11t0 80 DO
a BEGIN
GETPIC(BUFFER.4*(J-1).0,4*(J-1).200);
WRITE(LST .#27,@",#27,'1'):
WRITE(LST,#27,475,5201,20);
FOR L:=1 to 201 DO
BEGIN
SAMPLE:=BUFFER{(L-1)+6];
WRITE(LST,CHR(SAMPLE)):
END;
END;

23

END;

END;

W BEGIN
DD:=(d2-d1)/250;
DELTA:=dl:

WRITELN

(LST,d1=",d1,’ d2='".d2,) deldel="DD);

g WRITELN(
(

(

T, Omegal=",omegal,” Omega2=",omega2,” Omegad=".cmeza3:
T, \10—'.310,’ A21=",a21," A32=",a32)
T,#

11);

WRITELN

S
S
N
WRITELXN(LS

L
L
L
IKEYTIN(L.I):
RTl:=omezal*omegal:

RT2:=omegza2*omegal:
RT3:=omeza3*cmegal:

) N1j1]:==2a2l:
N2(1li=a32:
N3i1l:==a10:
N4 =010 =a32;

]
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FOR J:=1 to 250 DO
BEGIN

DELTA:=DELTA+DD:

N1[2:=2*DELTA
N2[2]:=2*DELTA:
N3[2]:=2*DELTA;
N4[2l:=2*DELTA
SCALARMULT(RT2*RT2.N2.IT1);
MULTIPLY(IT1,N3.ITS):

{first term in DET}
MULTIPLY(N1,N2,IT1):
MULTIPLY(IT1,N3,1T2);

SCALARMULT(RT1,N2.IT1):
ADD(IT1,IT2,IT3);

SCALARMULT(RT3,N3,1T1):
ADD(IT1,IT3,1T2);

SCALARMULT(RT2*210,IT2.1T7);

ADD(ITS.IT7,I1T6);

{1st and 2nd terms in DET}
MULTIPLY(N2,N3.IT1);
\ULTIPLY(IT1.N4,IT2);

SCALARMULT(RTL,N3.IT1);
ADD(IT1,IT2.1T3);

SCALARMULT(RT3,N2,IT1);
ADD(IT1.IT3,1T2);

SCALARMULT(RT2*a32,IT2.IT7):

ADD(IT6.IT7.ITS):

{1st, 2nd. and 3rd terms in DET}
RKEYIN(RTI-RT3.IT1);
MULTIPLY(N2,NA4,IT2):
ADD(IT1.IT2,1T3);
SCALARMULT(RT1*210%232,I T3.IT7):

94

OO A I I
'#:‘,:?g ety




e |

3

L2

A

" -—.d R A A A an b b koA b _“—---“w-——w-m—-"—-—-j

{1st, 2nd. 3rd. and 4th terms in DET}
RKEYIN(RT3-RTLITL):
MULTIPLY(N3.N £IT2):
ADD(ITLIT2.IT3);
SCALARMULT(RT3*a10%a32.IT3.IT7);

ADD(ITS.IT7.IT6):

ADD(ITS.IT7.ITS):

{1st,2nd.3rd,4th, and 5th terms in DET}
MULTIPLY(N2.N3,IT1);
MULTIPLY(IT1.N4.IT2):

SCALARMULT(RT1,N3,IT1);
ADD(IT1,IT2.IT3);

SCALARMULT(RT3.N2.IT2);
ADD(IT3.IT2,IT1);

SCALARMULT(210%232,N1,1T2):
MULTIPLY(IT1,IT2IT3):

ADD(ITS.IT3.DET); {DET)

RKEYIN(RTI-RT3,IT1);
MULTIPLY (N2,N4,1T2);
ADD(IT1,IT2.IT3);
SCALARMULT(RT1*232,IT3,ITS):

RKEYIN(RT3-1.. . IT1);
MULTIPLY (N3, N4,IT2);
ADD(IT1,IT2,IT3);
SCALARMULT(RT3*a32,IT3,IT7);

ADD(ITS,IT7.IT6);

MULTIPLY(N1.N2T1):
MULTIPLY(IT1.N3.IT2);
SCALARMULT(RT1.N2.IT3);
ADD(IT2.IT3.0T1):
SCALARMULT(RT3.N3.1T2);
ADD(ITLIT2.IT3);
SCALARMULT(RT2IT3.IT7);




ADD(IT6.IT7.ITS):

MULTIPLY(N2.N3.IT1):
MULTIPLY(IT1.N4.IT2):

' SCALARMULT(RTL.N3.IT1):
ADD(IT1.IT2.IT3):
SCALARMULT(RTS.N2.IT2);
ADD(IT2,IT3,IT1):
SCALARMULT(232,N1,IT2);

g MULTIPLY(IT1.IT2.IT7);

ADD(ITS.IT7.IT8):

SCALARMULT(omegal,lIT1);
‘a MULTIPLY(IT1,IT6,IT2);
i DIVIDE(IT2,.DET,ZE11);
Y11:=ZE11[2); {zZE11}

RKEYIN(RT:-RT3.IT1);
: MULTIPLY(N2,N4,1T2);

E: ADD(IT1.IT2.1T3);
SCALARMULT(a32,IT3.I1T1);
SCALARMULT(RT2,N2,IT2);
ADD(IT1,IT2.1T3);

.y SCALARMULT (omegal*RT2,I.IT1):
MULTIPLY(IT3,IT1,IT2):
DIVIDE(IT2.DET,ZE12);

Y12:=ZE12{2}; {ZE12}

N ADD(N2,N3.IT1);

v MULTIPLY(LIT1.IT2);
SCALARMULT(omegal*RT2*RT3.IT2,IT1):
DIVIDE(IT1,DET,ZE13);

Y13:=7E13{2]; {ZE13}

g

. SCALARMULT(RT2.N2,ITS);
RKEYIN(RTI-RT3.IT1):
MULTIPLY(N2.NLIT2):

ADD(IT1.IT2,IT3):

& SCALARMULT(a32,1T3.1T1):

& ADD(ITLITS,IT?);
MULTIPLY(LITT.ITS);
SCALARMULTIRT I *omega2 ITSITV )
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DIVIDE(IT7.DET.ZE21):
Y21:=ZE21.2}; {ZE21}

MULTIPLY(N2,N4.IT1);
SCALARMULT(232.IT1.IT2);
RKEYIN(RT1%a32.IT1):
ADD(IT1.IT2.IT3);
SCALARMULT(RT2,N2,IT2);
ADD(IT3.IT2,IT1);
SCALARMULT(RT2.IT1,ITS);

SCALARMULT(232.N4.IT1);
RKEYIN(RT2.IT2);
ADD(ITL.IT2.IT3);
SCALARMULT(RT3*210.IT3.IT7);

ADD(ITS,IT7.ITS):

RKEYIN(RT1*232.1T1);
SCALARMULT(RT2.N2.IT2):
ADD(IT1,IT2.1T3);
MULTIPLY(N2.N4.1T2):
SCALARMULT(a32.IT2.IT1);
ADD(IT1.IT3.1T2);
SCALARMULT(al0.N1.IT1):
MULTIPLY(IT1IT2.IT7):

ADD(IT6.ITT.ITS):

SCALARMULT(cmega2. LIT1):
MULTIPLY(ITSITLIT2):
DIVIDE({IT2.DET.ZE22):

Y22:=7ED2272": {zE22

RREYIN(RT3-RTLITL):
MULTIPLY{NLN2IT2):

ADD(IT1.IT2.IT3Y:
SCALARMULT{a10IT3.1T2}:
SCALARMULT(RT2.N2IT1):
ADD{IT1.IT2.IT3}:

SCALARMULT/omegu2 RT3.1IT2):
MULTIPLY(IT3.IT2.0T1):
DIVIDE(IT1.DET.ZE23):

Y23:=7E2312]: {7E23}
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ADD(N2,N3.IT1):
SCALARMULT(-RT1*RT2*omega3.1.IT2};
NMULTIPLY(IT1.IT2.IT3):;
DIVIDE(IT3,DET.ZE31);

Y31:=ZE31[2]; {ZE31}
RKEYIN(RT3-RTLIT1);
MULTIPLY(N1,N2,IT2);
ADD(IT1.IT2,IT3);
SCALARMULT(210,IT3,IT2);
SCALARMULT(RT2.N2.IT1);
ADD(IT1,IT2.IT3);
SCALARMULT(RT2*omega3.I,IT2);
MULTIPLY(IT3.IT2IT1);
DIVIDE(IT1,DET,ZE32);

Y32:=ZE32[2}; {zE32)

RKEYIN(RT1-RT3,IT1);
MULTIPLY(N2,N4,1T2);
ADD(IT1,IT2,IT3);
SCALARMULT(RT1*210,IT3,ITS);

RKEYIN(RT3-RT1.IT1);

- MULTIPLY(N3,NA.IT2);
ADD(IT1,IT2,IT3);
SCALARMULT(RT3*al0,IT3,IT7);

ADD(ITS,IT7 IT6);

MULTIPLY(N2,N3,IT1);
MULTIPLY(IT1,N4,1T2);
SCALARMULT(RT1,N3,I1T3):
ADD(IT2,IT3.IT1);
SCALARmult(RT3,N2,1T2);
ADD(IT1.IT2,IT3);
SCALARMULT(RT2IT3.ITT);

ADD(IT6.ITT.ITS);

MULTIPLY{N2,N3,IT1):
MULTIPLY(IT1.NAIT?):
SCALARMULT(RTI.N3.IT1);
ADD(IT1IT2IT3):

o’ "
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SCALARMULT(RT3.N2.IT2):
ADD(IT3.IT2.IT1):
MULTIPLY(IT1.N1.IT2):
SCALARMULT(210.1T2.IT7):

ADD(ITS.IT7.IT6):

MULTIPLY(LIT6,IT7);
SCALARMULT(omega3.IT7,ITS);
DIVIDE(ITS,DET.ZE33);

Y33:=ZE33:2); {ZE33}

ALll:=-210/2+221/4-2*0omegal *Y11+omegza2*\21;
AL12:=210+a21/2-2*omegal *Y12-+omega2*Y22:
AL13:=210/2-221/4-2%omegal *Y13+omega2*Y23;

AL21:=(a10-2*a21+a32)/4-2%omega2*Y21+omegal *Y11+cmegad=\"3 1
AL22:=(-210+2*221+232)/2-2*0mega2*Y22+omegzal *Y12+omeza3 <3
AL23:=(-210+2*a21+3%a32)/4-2*0mega2*Y23+omegal *Y13—omegal* 33

AL31:=-2a32/2+2a21/4-2%0omegad*Y31+omega2*Y21;
AL32:=-a32+2a21/2-2*omega3*Y32+omega2* Y 22;
AL33:=-3*a32/2-a21/4-2%omegal3*Y33+omega2*Y23;
D:=AL11*{AL22*A133-A123*AL32)
+AL12*(AL23*AL31-AL21*AL33)
+AL13*(AL21*AL32-AL22*A131);

W1IJi=((210-221/2)*(AL22* A1.33-AL23*AL32)
+FALL2%(AL23*(232-221/2)(a21-210/2-032/2)AL33)
+AL13*((a21-210/2-232/2)*AL32-AL22*(a32- a”l/Z\)

V2T = (AL11%((221-210/2-332/2)* AL33-AL23*(232-221/2))
+(al0-a21/2)*(AL23*AL31-AL21*AL33)
+ALI3*(AL21*(a32-221/2)-(a21-210/2-232/2)*A1.31})/(2°D);

WL = AL (AL22%(a32-221 /2)-(221-210/2-232/2)* AL32)
T.\L12~((,21-31O/ﬂ-as'z/'z)*ALgl-;\L-n (232-221/2))
+(210-221/2)*(AL21“AL32-AL22°AL31))/(2*D):

PMIN[T = (1-W1[J[-2-W2LJ W3 {T]) /2

PPLUS[ == (1= W1 +2- W2l W3 1) /2:

.. AL T L™
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f W[J):=PPLUSJ-PMIN{J":

Y

[]

N PO[Jh=(1-3*W11J-2=\W2 T W31 4
" P1[J):=(1+W1[J-25W2T W30 /4
; ﬁ P2Tli=(1+W1 ]2 W2(J1-W3 1))/ 4
§ P3[Jl:=(1+W 12 W2 J1+3*W3{J])/4;
b EXND:

3

PRINT(W1.DD."W1 vs. Delta’ . M);

"

b PRINT(W2,DD," W2 vs. Delta’ M);

& PRINT(W3.DD," W3 vs. Delta”.\M):

¢

«

2 PRINT(PMIN.DD. Pminus vs. Delta’,\):
Vi PRINT(PPLUS.DD, Pplus vs. Delta' M);
3 5 PRINT(W,DD."W vs. Delta’,M);

‘ PRINT(P0.DD, PO vs. Delta’ M);

C PRINT(P1,DD,P1 vs. Delta’,\);

E PRINT(P2,DD.'P2 vs. Delta’ M);

i PRINT(P3.DD, P3 vs. Delta’,M);

"

{ TEXTMODE(2):

K. EXND.

L .
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II. Calculation of Adiabatic Variables from Section IV.B.3.

Program ADIAB:
{3U+}
| ‘ {31 GRAPH.P}

LABEL 1.2:

CONST

2l0=1E+06:
;E, a2l=1:
a32=1.25E-+086:
omegal=1E-+07:
omega2=1E-+03;
omega3=2E-+07:
d1=-2E-+07:
d2=2E+07;

3

TYPE
complex=array [1..2] of real;
"\ buff=array'0..406] OF BYTE;
N number==array|[1..250] of real:
gob==array[1..250] of integer;
title=string[20};
o VAR
& BUFFER:buff:

SAMPLE:byte:

GAMDAL GAMIGAN3. GAMDIA2 GAN2GANB . GAND A ETALETA2ETAS.
DELTA1.DELTA2DELTA3XII XI2 NXI3 PSI.PHILRP.RM.
PP, PN, TEST:number;

T:title:

J.L.flag:integer:

N1,N2.N3.NLDET,

R11.R13.R14.R21.R22.R23.R24.R25.R31.R32.R33.R31.R35.

R41.R42.R43.R41L.R145:complex:

‘?l.{l

:j \M.DD.DELTA,
ALI0.ALI1.AL12.AL13.AL20.AL21.A1.22.AL23,
B11.B12.B21.B22.B,C10.C11.C12.C13.C20.C21.C22.C23,
D:real:

9 LIT1,IT2.IT3,IT4,IT5,1T6,IT7.ITS:complex:

& RT1.RT2.RT3.RT4.RT5.RT6.RTT.RTS:real:

E 101




: PROCEDURE rkevin (x:REAL:VAR :COMPLEXN)
Eg BEGIN
k) 2l i=x:
i 2.2::=0.0:
- i END
s
». PROCEDURE ikeyin (x:REAL:VAR 2:COMPLEX):
: BEGIN
' z2{1;:=0.0:
' ’ 2[2)i=x;

v EXND:
; PROCEDURE keyin {z1:COMPLEX: VAR z2:CONPLEX:
"
. BEGIN
' ﬁ 22[1):=211";
. 22{2):=2z1"2];
: END;
(
L 1 PROCEDURE negate(y:COMPLEX:VAR z:COMPLEN):
: W BEGIN
: 2[1):=-y[1};

z[2]:=-y 12}

‘ END:
6 2 PROCEDURE conjugate(y:COMPLEX:VAR 2:COMPLEX):
- BEGIN
> 2 1]=y1";
- 2{2)i=-y2}
3 - END:
Y
‘I FUNCTION modulus{y:COMPLEX):REAL;
[ BEGIN
P modulus:=SQR{y[1])+SOR(¥2]);
K EXND:
E &

< PROCEDURE invert(»:CONPLEN:VAR z:COMPLEN:
' VAR magz:REAL:
K BEGIN
b mag:=modulus{y):
N 2[1]:=y{1]/maz;
j ?E’ 2[21:=-v[2] /mag:
4 END;
“
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@ PROCEDURE addiy1.y2:COMPLENXIVAR z:CONPLEXN :
BEGIN
2{lh=y11 =y21%
22li=y12]+y272:
ﬁ END:
PROCEDURE subtract{v1.v2:CONPLEN:VAR z:COMPLEX:
BEGIN
Z[ll:=y11-y211":
E 221 =y172 2l y2[2n
& EXND:
PROCEDURE multiply(v1.3v2:COMPLEN:VAR z:COMPLEXY:
BEGIN
T 2=y 11y 2(1-v1{2]*v212):
PG z[2i=y1[{1]*y2{2]+¥1[2]*y201);
END:
PROCEDURE divide(y1,y2:COMPLEX;VAR z:COMPLEXN:
N VAR mag:REAL:w1,w2:COMPLEXN:
BEGIN
mag:=modulus(y2);
conjugate(y2,wl);
mu‘tipl\(wl wl,w2);
- z[1}:=w2[1]/mag:
o~ 2[2l:=w2[2] 'mag;
Y
END:
PROCEDURE scalarmult(x:real:yvicomplex:VAR z:COMPLEN):
BEGIN
;:-f Z[1i=x*y'l;
& z2i2)i=x*y 20
END;
PROCEDURE MININUN (numenumber: VAR minreal):
-5 BEGIN
b min:=numil:
FOR J:=1 to 250 DO
BEGIN
IF num[J] < min THEN min:=num'I":
~ EXND:
::' END;

PROCEDURE MANIMUNM(nurinumbers VAR maareal




mmw

BEGIN
max:=num/l;
[ FOR Ji=1 to 250 DO
BEGIN
i IF num{J] > max THEN max:=num!J};
END:
EXND:

PROCEDURE SCALE(min.max.dx:real: num:number; VAR mark:gob;:
E VAR s:real:
' BEGIN
s:=(max-min)/180:
[F s=0 THEN s:=1;
FOR J:=1 10 250 DO

2 BEGIN
* mark[J}:=round({(num{J]-min)/s);
END;

EXND:
- PROCEDURE PRINT(num:number; dx:real; T:titles VAR par:real):
;:'. VAR min.max:real; mark:gob:
) BEGIN

GRAPHMODE;

DRAWT(10,160.260.190.3);
DRAW(10,190,10,10.3);
3 DRAW/(260.,190.260,10,3):
DRAW(10.10,260,10,3);

FOR J:=1TO ¢ DO
BEGIN

2 L:=190-J*18;
DRAW(10.L.13.L,3);
EXND:
FOR J:=1TO 9 DO
*:;: BEGIN
| & L:=10+]J*25:
DRAW(L.190.J..187.3
EXND:
’ MINIMUM {um.ming:
ff MAXINMUN (namamax):
SCALE(min.mux.dnumomark):
GOTOXY(1.25):
4] 104
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WRITE({min:10." "max:10." ".[max-min):10):

GOTOXYV 1.1}

WRITE({{max—min)/2):10. T

FOR J:=1 TO 249 DO
BEGIN
DRAW(10+J.190-mark[J;.11+J.190-mark{J+1].3):
END;

READ(M);
IF M=1 THEN
BEGIN
FOR J:=11t0 80 DO
BEGIN
GETPIC(BUFFER,4*(J-1),0.4*(J-1).200):
WRITE(LST.#27,/@’.#27."1'):
WRITE(LST,#27,#75,#201,50);
FOR L:=1 to 201 DO
BEGIN
S:\.\[PLE:zBL"FFER[(L-l)—%—6];
WRITE(LST.CHR(SAMPLE));
END;
END;

WRITELN(LST,#11.251 1,411,451 1,#411.4510,#10,210. 410,227, @ "
END;

END:;
BEGIN

DD:=(d2-d1)/250;
DELTA:=d1;

WRITELN(LST, ADIAB):
WRITELN(LST, d1=",d1." d2=".d2," deldel="DD}):
WRITELN(LST. Omegal=".cmegal.” Omegu2="o0mezu2," Omeoad—="0 om0

WRITELN(LST.A10=",110." A21=".a21. A32="232%

WRITELN(LST #11%
IKEYIN{1.I)
RTl:=omegal*omegal;

RT2:=omeza2*omeyga2:
RT3:=omegal*omezad:
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N1{li:==a2l:

N2{1 =232

:. N3{1j:=2al0=221:
i N4[1;:=210-232:

FOR J:=1t0 250 DO
BEGIN

q DELTA:=DELTA-+DD;

N1{2;:=2*DELTA:

N2[2}:=2*DELTA:

) N32):=2*DELTA;

: E .\-h;”‘ =2*DELTA;
LY

RRKEYTIN(omegal/2a10.IT1):
MULTIPLY(IT1.LR11}:

RRKEYIN(-omega2/(2*a10),IT1):
MULTIPLY(IT1.LR13):
MULTIPLY(R13.1L.R14):

- MULTIPLY(N2.N3.1T1):

v MULTIPLY(IT1.N4.IT2):

v SCALARMULT{RTI1.N3.IT3);
ADD(IT2.IT3.0T1);
SCALARMULT(RT3.N2.IT2):
ADD(IT1.IT2.IT3);

n SCALARMULT(232+221IT3.IT1);

h MULTIPLY(N2.N3.IT2):
SCALARMULT(RT2.IT2.IT3:
ADD(IT1.IT3.DET):

” MULTIPLY{N2.NLITT)

& RKEYIN(RTI1.IT2:

ADD(ITL.IT20T30:
SCALARNULT(432+421.17T I'l‘l}:
{ SCALARMNULTIRT2.N2.0T2:
ADD(ITIIT2.1T3):
SCALARMULT(-omeza2 /21T3.0T2
X MULTIPLY(LIT2.0T1:
? DIVIDE(ITL.DET.R21 )
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SCALARMULT omega2*RT3.N2IT1 ¢
MULTIPLY(LITLIT2):
DIVIDE(IT2.DET.IT3:
ADD(IT3.R21.R22%:

SCALARMULT(-1.R21.R25):

MULTIPLY(N2.N4IT1 %
RRKEVINRTI1-RT3.IT2);
ADD(IT1.IT2.IT3):
SCALARMULT(a32—a21.IT3.IT1 )
SCALARMULT(RT2.N2.1T2);
ADD(IT1.IT2.IT3):
SCALARMULT{omegal/2.IT3.IT1):
MULTIPLY(LIT1.IT2);
DIVIDE(IT2.DET.R23);

MULTIPLY(L.R23.R24):

SCALARMULT(-RT2*cmega3, 2. N2,IT1
MULTIPLY(LIT1.IT2);
DIVIDE(IT1.DET.R31}):

SCALARMULT(-1.R31.R35):

MULTIPLY(N2.N3.IT1):
MULTIPLY(IT1.N4IT20:
SCALARMULT(RT3.N2,IT1 &
ADDTL.IT2.IT3}:
SCALARMULT(RTI.N3.IT2:
ADD{ITSIT20T1):
SCALARMULT(omega3 ITLIT2 )
MULTIPLY(LIT20T1):
DIVIDEATIDET.I T2
ADDIT2.R31L.R32

ADDIN2NSIT L

SCALARNMUL Trome s 20

MULTIPLY LIT20T1 5
DINVIDETTLDET.Rs5 ),

MULTIPIY LRSS R

);
/

)
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RKEYIN(-omegal*omega2*omegal3=(a2l—a32} 2.IT1
MULTIPLY(LITL1.IT2):
DIVIDE(IT2.DET.R41):

: i SCALARMULTI-1.R41.R45):

SCALARMULT(-omegal*omega2=cmega3. . N3.IT1):
MULTIPLY(LIT1.IT2);

DIVIDE(IT2.DET.IT1);

ADD(ITL.R41.R42);

v

MULTIPLY(N3.N4.IT1):
RKEYIN(RT3-RT1.IT?2);
ADD(ITLIT2.IT3):

~ SCALARMULT((232+221)/2.IT3.IT1);
w SCALARMULT(RT2/2.N3.1T3):
ADD(ITL.IT3.IT2}:
SCALARMULT (-omega3,IT2.IT1);
MULTIPLY (LITL,IT2):
DIVIDE(IT2.DET.R43):
B
[ MULTIPLY/(LR43.R44);
3
: Bll:=al0+2*omegal*R11{2-omega2*R212;
. B12:=a21/2- omeca’*PDfl].
;g B21:=2*omega3*R31[2}-omega2*R21'2":
B22:=332+a21/2- 2"omeg33"R°2‘2‘ umcgaf'Rff:‘E::
; AL10:==-{a10-321/2}/2:
y AL20:=-{a32-221/2)/2:
A AL1l:=(al0=a2]/2+2*omega2*R252)}),2
v AL21i—-132, 24021 M-2*0riezad “R352 “omeza? RO
ALl2:=cmeza2*R2312-2%0mezal *R132:
AL22:=omeza? R_i 3 2*emeza3 R332
AL13i=cmey ”’P 2402
" AL23t=omeg2 B2 42 2 s R

h=bBl1B22-Bi2-prl:

X CLO:=(B22  ALIO-D 12 AL b
w C20:== D11 AL20-B21 " AL1O; B
U Clli={D22*AL1L-BI27AL2 L1
: C2li== (B AL2I-D2 U AL
) Cl2==B22 AT 2-Bi2e Al
. 10N
=
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C13:={B22*AL13-Bl12=. \_L’J\» B

E C22:=B11*AL22-B21=AL12) B:
N C23:=(B11*AL23-B21-AL13},B:

E GANDMALJ i=a21—2%0mezal =/ R2372I~R21 2 <C12-R2272 =22
» -(omega2,a10)*{2*om=zal*~ C12- mwaf‘)
N -2*omegad3*(R43[2]+R41 2= C12-R42.2 < C22;
.' GAMMA?2[Ji=2a21-2%omegal *(R24/1 +R211 *C13-R22'1 ~C23,
| ! +{RT2/a10)+2*cmegad*{R44:1,~R411;*C13+-R42'1 <C23
o‘: n'
o GAMDAZ{ T i=221#{1-2*C21,—2*cmega2=(R25 2’ -R21 2 ~Cl1-R22 2 "2l
o GAMIGAMBJ:=GANDALLT/GANMAZ
A" 3
P GAM2GAM3{J:=GAMMA2J/ GANDAS ]
R . ] .
(T
XY ETA1llJ]:=-omegal*(R21[2}*C10+R222,*C20)~(omegal *omega2 210 “C10
[ +omegad3*(R41/2)*C10+R 1272]<C20);
AJ \J
e ETA2Jl:=omegal *(R2111]*C10+R22{1'*C20)-cmeza3 R 111 *Cl0O~R4271 (2"
» ETA3[J:=221*(C20-0.5}0omega2*(R2172!*C10+R2272 < C20):
- DELTAI1[J:=DELTA-omegal*(R24[2]+R21[2}*C13-R2272 < (23,
b +(omegal*omega2/al0)* Cl?romeg:ﬁ*(\RH.\lfP%lLll‘Cl’ e £ IR SR
DELTA2[J]:=DELTA-omegal*(R23{1!+-R21/1 ~C12+R22 1~ (22,
X +omega3*(R13[1’ AR-11L11*C12 R;zﬁll sz,.
¢
o DELTA3 Jji=a21*C22-0mega2"(R2312 < R21'2 < C124R2272 <20
] Y
t
NI1/Ji=-cmegal*(R2572°=R212 *C11 ‘I-"_"J'B“C'Ql"v
’ +(_omcgnl omegn2/210)*Cll+omega3 (RI52+ 1 CClL- Rt oy
5 ‘o N2 i=cmeeal ((R2511=R21 < CHI=R2271 - C21)
0 -omegad (R15 1 =R11T - ClI+R! 2O
q
p o o
) N30 i=a2 1 #C23-omegn 2 (RO -R21 2l 2 o
{ :
: ;b RT5:==1/(GANNMAT L " GAMNA2 T = DELTAT G DELTA2 0
‘ = R Al Sy
" PHIL == ETA3
] SRTSDELTAS S #(0.5 GANDNA2 T ETATL =DELT AT T
e :
)
& s 109
L.
;
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-XI3 5105 GANAMAL T "ETA2 T -DELT A2

JtETALY

PSIJ =05 GANNAS S

-RT5DELTAS S <0.5 GANNAY T =NI1 S —=DELTAL T *NI2'
—NI3 (0.5 GAND AL *NI2 S -DELT A2 J NI Y

RT4+:=CANDNAL T *GANDIA2 T «GANMMNAZ J 'S-NI2 ' *DELT u JDELTAZ S
~XI1J DELT&7 JeXI37J - Gx\I\LL‘ "\11 J “DELT. A3,
~DELTALJ*DELTA2J *GANDAST 2-GAMM AL - m:;,‘}ns’qjl

RMJ:=0.5<PSIJ-PHIJ i
RP'J:=0.5%PSI'J —=PHI J

PP J:=RPJ RPJ=RMJ
PMJi==R\MJRP T =RMJ

TESTJ:=PP J-PMJ:

EXND:

PRINT{GANDMALDD.  GANNAL VS, Dejra’ M
PRINT(GAMMA2 DD GANAIA2 V'S, Delta’. M
PRINT{GAMMA3.DD.GANDNIAZ V'S, Deita’ M
PRINT{GANMIGANB.DDUGAMT/ GAM3 VS, Delta’ M
PRINT(GANM2GANB.DDGAN2/GANS VS, Delra™ M)

PRINT(DELTA1.DD. D=ltal V'S, Delta’ M);
PRINT{DELTA2.DD. Delta2 VS, Delta’ M)
PRINT(PHLDD. PHI V'S, Delta’ M
PRINT PSLDD.PSI VS, Delta’ M)
PRINT RM.DDURM VS, Delia’ Mo
PRINTIRP.DD.RP VE, Delta’ N
PRINT(PM.DD. PN VE, Delta’ M
PRINT(PP.DD. PP VE Delta’ M
PRI.\"I'&E’I‘;\" r)D TTAZ VS, Deltan. M)

PRINTDELTAZDDDELTAR Vs, Dclw'..\fﬁz

II’I\I(I}\IDI) TEST VS Delta™ M

TENTMODE 2%
END.
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Abstract

The problem of laser cooling of a single ion or atom in
a harmonic trap was considered. A simple theory of sideband
cooling has been developed. 1In the limit that the particle's
secular motion can be treated semiclassically, the theory allows
the calculation of a logarithmic cooling rate either numerically
or, for two special cases, analytically. The theory could be used
to optimize the parameters of a cooling experiment.

The spectroscopy of a single atom in the ladder configuration
has been treated theoretically. A dressed atom approach was used
to provide qualitative information about the system.g The optical
Bloch equations for the four level system in the rotgting wave
approximation were developed and solved for steady state. The
Bloch equations were also solved in the adiabatic approximation
and upward and downward transition rates were extracted from
this treatment.
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